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Introduction

Common situation in the biosciences:

A continuous outcomeevolves ovetime (or other condition) within
iIndividualsfrom a population of interest

Scienti ¢ interest focuses offieaturesor mechanismghat underlie
iIndividual time trajectoriesof the outcome and how theseary
across the population

A theoreticalor empirical modefor such individual pro les, typically
nonlinearin parameterghat may be interpreted as representing such
features or mechanisms, is available

Repeated measurementver time are available on each individual in
a sampledrawn from thepopulation

Inferenceon the scienti ¢ questions of interest is to be made in the
context of themodeland its parameters
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Introduction

Nonlinear mixed e ects model:
Also known as théhierarchical nonlinear model
A formal statistical frameworkfor this situation
Much statistical methodologicafesearch in the early 1990s

Now widely acceptedand used with applications routinely reported
and commercial and fresoftwareavailable

Extensionsand methodological innovationare still ongoing
Objectives:

Provide anintroduction to the formulation, utility, and
Implementation of nonlinear mixed models

For de niteness, focus ompharmacokineticand pharmacodynamics
as major application area
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Pharmacokinetics and pharmacodynamics

Premise: Understanding what goes obnetween dos€administration)
and responsecan yield information on

How best tochoose doseat which to evaluate a drug

Suitabledosing regimenso recommend to the population,
subpopulations of patients, and individual patients

Labeling

Key concepts:
Pharmacokinetic PK) { \what the body does to the drug"
PharmacodynamicéPD ) { \what the drug does to the body"

An outstanding overview: \ Pharmacokinetics and
pharmacodynamics by D.M. Giltinan, in Encyclopedia of Biostatistics,
2nd edition
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Pharmacokinetics and pharmacodynamics
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PK
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Pharmacokinetics and pharmacodynamics

Dosing regimen: Achievetherapeutic objectivevhile minimizing
toxicity and di culty of administration

How much? How often? To whom? Under whatconditions?
Information on this: Pharmacokinetics

Study of how the drugmovesthrough the body and therocesses
that govern this movement

(Elimination = metabolismand excretion)
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Pharmacokinetics and pharmacodynamics

Basic assumptions and principles:
There is an ‘e ect site " where drug will have its e ect

Magnitudes ofresponseand toxicity depend ondrug concentration
at the e ect site

Drug cannot be placediirectly at e ect site, must move there
Concentrations at the e ect site areleterminedoy ADME

Concentrations must be kepgtigh enoughto produce a desirable
response, butow enoughto avoid toxicity

=) \Therapeutic window

(Usually) cannotmeasure concentration at e ect site directly, but
can measure iblood/plasma/serum re ect those at site




Pharmacokinetics and pharmacodynamics

Pharmacokinetics (PK): First part of the story

Broad goal of PK analysisUnderstand and characterize
Intra-subject ADME processes of drugbsorption, distribution,
metabolismand excretion(elimination) governing achievedrug
concentrations

...and how these processeary across subjectsiiiter-subject
variation)
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Pharmacokinetics and pharmacodynamics

PK studies in humans: \Intensive studie$
Smallnumber of subjects (oftermealthy volunteer$
Frequentsamples over time, often followingingle dose
Usuallyearlyin drug development

Useful for gaining initial information ontypical” PK behavior in
humans and for identifying an appropriatek model ..

Preclinical PK studies irmnimalsare generallyntensivestudies
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Pharmacokinetics and pharmacodynamics

PK studies in humans: \ Population studie$
Largenumber of subjectsl{eterogeneougpatients)

Often in later stagesof drug development or after a drug is in
routine use

Haphazard sparsesampling over timemultiple dosing intervals
Extensivedemographicand physiologiccharacteristics

Useful for understandingssociationdbetweenpatient characteristics
and PK behavior=) tailored dosing recommendations
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Pharmacokinetics and pharmacodynamics

Theophylline study: 12 subjects, same oral dose (mg/kg)
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Pharmacokinetics and pharmacodynamics

Features:
Intensivestudy
Similarly shapedoncentration-time pro les across subjects
... but peak, rise, decayary

Attributable to inter-subject variationin underlying PK behavior
(absorption, distribution, elimination)

Standard: Represent the body by a simple systemoaimpartments

Gross simpli cationbut extraordinarily useful. . .
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Pharmacokinetics and pharmacodynamics

One-compartment model with rst-order absorption, elimination:

oral doseD - A(t) -
Ky Ke

PO = kA keA®): A©Q) =0

Pl = kma; Aa(0) = D

F = bioavailability; A;(t) = amount at absorption site

A(t)  kaDF
V. V(ka ke)

ke = CI=V; V =\ volume" of compartment Cl| = clearance

Concentration att :  m(t) = fexp( ket) exp( Kkat)g;

15



Pharmacokinetics and pharmacodynamics

One-compartment model for theophylline:

Single \blood compartment with fractional rates ofabsorptionk,
and elimination ke

Deterministic mathematical model
Individual PK behaviocharacterized byPK parameters
= (ka; V; CI)O
By-product:
The PK model assumes PK processes dose-independent

=) Knowledge of the values of = (k,;V;CI)? allows
determination of concentrations achieved at any tirheinder
di erent doses

Can be used to develogosing regimens
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Pharmacokinetics and pharmacodynamics

Objectives of analysis:

Estimate \typical" values of = (kg;V;CIl)?and how theyvaryin
the populationof subjects based on thngitudinal concentration
data from the sampleof 12 subjects

=) Must incorporatethe (theoretical) PK model in an appropriate
statistical model(somehow. . .)
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Pharmacokinetics and pharmacodynamics

Quinidine population PK study: N = 136 patients undergoing
treatment with oral quinidine for atrial brillation or arhythmia

Demographic/physiologic characteristicsAge, weight, height,
ethnicity/race, smoking status, ethanol abuse, congestiveart

failure, creatinine clearance,;-acid glycoprotein concentration, ...

Samples taken ovemultiple dosing intervals)
(dose time, amount) =(s:; D-) for the th dose interval

Standard assumption: Rrinciple of superpositioh =) multiple
doses are additive"

One compartment modegives expression for concentration
at time t. ..
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Pharmacokinetics and pharmacodynamics

For a subject not yet at a steady state:

Aa(s)) = Aa(s 1)expf ka(ss s 1)g+ D
— ka

expf ke(ss s 1)g expf ka(s s 1)g:

m(t) = m(s)expf Ke(t S\)g+Aa(S‘)V(kka =
h a K

expf ke(t s)g expf ky(t s)g; s <t<s -y
ke = ClI=V; = (Kka:V;CI)°

Objective of analysis: Characterizetypical valuesof and variationin
= (ka; V;Cl)° across the population and elucidasystematic
associationdetween and patient characteristics
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Pharmacokinetics and pharmacodynamics

Data for a representative subject:

time conc. dose age weight creat. glyco.
(hours) (mg/L) (mg) (years) (kg) (ml/min)  (mg/dl)
0.00 { 166 75 108 > 50 69
6.00 { 166 75 108 > 50 69
11.00 { 166 75 108 > 50 69
17.00 { 166 75 108 > 50 69
23.00 { 166 75 108 > 50 69
27.67 0.7 { 75 108 > 50 69
29.00 { 166 75 108 > 50 94
35.00 { 166 75 108 > 50 94
41.00 { 166 75 108 > 50 94
47.00 { 166 75 108 > 50 94
53.00 { 166 75 108 > 50 94
65.00 { 166 75 108 > 50 94
71.00 { 166 75 108 > 50 94
77.00 0.4 { 75 108 > 50 94
161.00 { 166 75 108 > 50 88
168.75 0.6 { 75 108 > 50 88

height=72 inches, Caucasian, smoker, no ethanol abuse, no BF
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Pharmacokinetics and pharmacodynamics

Pharmacodynamics (PD): Second partof the story
What is a \good" drug concentration?

What is the \therapeutic window?" Is it wide or narrow? Is it the
same foreveryon&

Relationship ofresponsdo drug concentration

PK/PD study : Collectboth concentration andesponseadata from
each subject

21



Pharmacokinetics and pharmacodynamics

Argatroban PK/PD study: Anticoagulant

N = 37 subjects assigned to di erertonstant infusion rates
(doses) of 1 to 5 /kg/min of argatroban

Administered byintravenous infusioror 4 hours (240 min)

PK (blood samples) at
(30,60,90,115,160,200,240,245,250,260,275,295,32@) m

PD: additional samples at 5{9 time points, measuredtivated
partial thromboplastin time(aPTT, the responsg

E ect site: The blood
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Pharmacokinetics and pharmacodynamics

Argatroban Concentration (ng/ml)
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Pharmacokinetics and pharmacodynamics

Argatroban PK model: One-compartment modelvith constant
Intravenous infusion rat® ( g/kg/min) for duration tj,+ = 240 min

D Cl Cl
mPK (t) = _ : — SVAL

Xe =0 1fx Oandxy =xif x>0
PK parameters "X =(CI;V)°

Estimate \typical" values of 7X = (CI;V)%and how theyvaryin
the population of subjects

Understand relationship between achieved concentratiand
response ffharmacodynamics. .)
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Pharmacokinetics

and pharmacodynamics

Argatroban Concentration (ng/ml)
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Pharmacokinetics and pharmacodynamics

Response-concentration for 4 subjects:
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Pharmacokinetics and pharmacodynamics

Argatroban PD model: \Emax modef

Emax EO

PD —
m~~ (1) = Eo+
) 0 1+ ECgo=mPK (1)

Response at timé depends on concentration at ect site at time t
(same as concentration in blood here)

PD parameters "° = (Eg; Emax; ECs0)°
Also depends oK parameters

Estimate \typical" values of "P = (Eq; Emax; EC50)° and how
they vary in the population of subjects
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Pharmacokinetics and pharmacodynamics

Ultimate objective: Put PK and PD together to

Characterizethe \therapeutic window and how it varies across
subjects

Developdosing regimenstargeting achieved concentrations leading
to therapeutic response

For population, subpopulations, individuals

Decide on dose(s) to carry forward tiuture studies

28



Pharmacokinetics and pharmacodynamics

Summary: Commonthemes

An outcome(or outcomes) evolves over time; e.goncentrationin
PK, response in PD

Interest focuses ominderlying mechanisms/processtking place
within an individualleading to outcome trajectories and how these
vary across the population

A (usuallydeterministic) modelis available representing
mechanisms explicitly by scienti cally meaningful moagrameters

Mechanisms cannot bebserved directly

=) Inference on mechanisms must be basedrepeated
measurement®f the outcome(s) over time on each of a sample of
N individuals from the population

29



Pharmacokinetics and pharmacodynamics

Other application areas:

Toxicokinetics Physiologically-based pharmacokine{fidPBPK {
models)

HIV dynamics
Stability testing
Agriculture
Forestry

Dairy science
Cancer dynamics

More ...
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Model formulation

Nonlinear mixed e ects model: Embedthe (deterministic) model
describingindividual trajectories in astatistical model

Formalizes knowledge amassumptionsabout variation in outcomes
and mechanismsvithin and amongindividuals

Provides a framework foinferencebased onrepeated measurement
data from N individuals

For simplicity: Focus onunivariate outcomg= drug concentration
In PK); multivariate (PK/PD ) outcomelater
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Model formulation

Within-individual conditions of observation: For individuali, U;
Theophylline U; = D; = oral dose fori at time 0 (mg/kg)
Argatroban: U; = ( Dj;tinf) = infusion rate and duration fon

Quinidine: For subjecti observed oved; dosing intervalslJ; has
elements(sy ;D )° " =1:::::d

U; are \within-individual covariates { needed to describe
outcome-time relationship at thendividual level
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Model formulation

Individual characteristics: For individuali, A ;
Age, weight, ethnicity, smoking status, renal function,cet.
For now:. Elements ofA; do not changeover observation period

A are \among-individual covariatés{ relevant only to how
Individuals di er but are not neededo describe outcome-time
relationship at the individual level

X i = (U A= combined within- and among-individual
covariates (for brevity later)

Basic model: A two-stage hierarchy
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Model formulation

Stage 1 { Individual-level model:

E.g., fortheophylline(F 1)

Kai D;
Vi(kai CIi:Vi)

m(t, Ui; i) = fexp( Clit=V;) exp( Kat)g

= (Kai;Vi;CI)O=( i1; i2s 3)% r= 3; U; = D;
Assumeeg; = Y; m(t;;U;; ;) satisfyE(e; JU;; )=0
=) E(Yj jUi; )= m(tj ;U;; ;) for each

Standard assumptione; and henceY; areconditionally normally
distributed (on Ui, i)

More shortly ..
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Model formulation

Stage 2 { Population model:
= d(Ai; b)) i=150N; (r 1)
d is r-dimensional function describingglationshipbetween ; and
Ai interms of ...
(p 1) xed parameter(\ xed e ects ")
b (g 1) \random e ects"

Characterizes how elements of vary across individual due to
{ Systematic associationwith A; (modeled via )

{ \Unexplained variatiot in the population (represented b¥;)

Usual assumptions

E(ijAi)= E(b)=0 and CoybijAi)= Coqbi)= G; b N(0;G)
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Model formulation

Stage 2 { Population model:
= d(Ai; ;bi); 1=1;:05N

Example: Quiniding ; = (kai;Vi;Cli)°(r = 3)

Ai =(wi; i;a)% w; = weight, ,a = age,
i = | (creatinine clearance> 50 ml/min)

bi =(b1;b2;b3)°(q=3), =( 1;::55 2)°(p=7)

Kai = 1= di(Aj; ;b)) =exp( 1+ b1);
Vi = 2=da(Ai; sb)=exp( 2+ 4w + bo);
Cli = i3=d3(Ai; ;b)=exp( 3+ swi+ i+ 7a + hb3);

Positivity of kg ; Vi; Cl; enforced

Ifbj N(O;G), ky; Vi;Cl; are eachognormally distributedn the
population
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Model formulation

Stage 2 { Population model:
= d(Ai; b)) 1 =1;:05N

Example: Quinidine continued, ; = (Ka;Vi;Cli)°(r = 3)
\ Are elements of ; xed or random e ects?"

\ Unexplained variatiot in one component of ; \ small" relative to
others { no associated random e ect, e.gr, = 3,9= 2

Kai = exp( 1+ by1)
Vi = exp( 2+ 4w;) (all population variation due to weight
Cli = exp( 3+ swi+ i+ 7a + b3)

An approximation{ usually biologically implausibleused for
parsimony numerical stability
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Model formulation

Stage 2 { Population model:
= d(Ai; b)) 1 =1;:05N
Allows nonlinear(in  and b;) speci cations for elements of ;

May be more appropriate thahnear speci cations (ositivity
requirements skeweddistributions)

Some accounts: Restrict to linear speci cation
i = Ai + Bib,
Ai (r p) \design matriX depending on elements 4 ;
Bi (r q) typically Os and 1si@entity matrix if r = q)

Mainly in the statistical literature
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Model formulation

Stage 2 { Linear population model:

= A+ Bib

Example: Quiniding continued

Reparameterizén terms of ; = (k,;V; ;Cl.)% k, =log(kai),
V. =log(Vi), andCl, =log(Cl;) (r = 3)

kai — 1+ b11

Vi = o+ 4w+ bo;

Cli = 3+ swi+ ¢+ 7ai+h3

O 0 0O 0 0 O 1 0 O

1 Ow O O O §; %O 1 O§

O 1 0 w, i 4 O 0 1
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Model formulation

Stage 2 { Population model:
= d(Ai; ;bi); 1=1;:05N
Simplest example: Argatroban PK- No among-individual covariates
7= (Clis )0 (r = 2), take

Cli = exp( 1+ b1)
Vi = exp( 2+ hbp)

Or reparameterizavith 7% = (CI. ;V. )% Cl. =log(Cl;),
Vi =log(Vi)

Cl, = 1+Db:
V. = 2+ Db

SOA; = B; =(2 2) identity matrix

40



Model formulation

Within-individual considerations: Complete the Stage 1
iIndividual-level model

Assumptionson the distribution ofY ; givenU; and
Focus on asingle individual observed under conditiond ;

Yjj attimest; viewed asntermittent observations on a
stochastic process

Yi(t; Ui)= m(t; Ui; i)+ e(t; Uy)
Efe(t;Ui)jUi; ig=0; EfYi(t;U;)jU;; ig= m(t;U;; ;) for allt
Yi = Yi(ti ;Ui), & = e(tj;Ui)

\ Deviation" processe (t; Ui) representsall sources of variation
acting within an individualcausing a realization oY, (t; U;) to
deviate from the smooth" trajectory m(t; Ui; i)
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Model formulation

Conceptualization:

Concentration
200 400 600 800 1000

0
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Time
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Model formulation

Conceptual interpretation:

Solid linee m(t; U;; ;) represents lherent tendency for i's
outcome to evolve over time; depends 08 \inherent
characteristics |

Dashed line Actual realization of the outcome {uctuates about
solid line becausen(t; Ui; i) is asimpli cation of complex truth

Symbols Actual, intermittent measurement®f the dashed line {
deviatefrom the dashed line due toneasurement error

Result: Two sources of intra-individual variation
\ Realization deviatiofi
Measurement error variation

m(t; U;; i) Is the averageof all possible realizationsf measured
outcome trajectory that could be observed on
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Model formulation

To formalize: e (t;Ui) = eri(t; Uij)+ en (t; U;)
Within-individual stochastic process
Yi(bUi)=m(t Ui, i)+ eri(tUi)+ ew; (tU;)
Efer,; ( Ui)jUi; ig= Efew; (; Ui)jU;; ig=0
=) Y = Yi(tiy;Ui), eri (L ;Ui) = erij , em:i (tij ;Ui) = ew

Yi = m(ty ;U5 i)+ PRi i"zeM;ij}

S

er:i (t; Uj) =\ realization deviation process
ev:i (t; U;) =\ measurement error deviation process

Assumptionson er; (t; U;) and ey (t; U;) lead to a model for
CovejjU;; ;) and hence Cadw ; jU;; ;)
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Model formulation

Conceptualization:

Concentration
200 400 600 800 1000

0
|

I I I I I I
0 50 100 150 200 250 300 350
Time
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Model formulation

Realization deviation process:

Natural to expecter;i (t; Uj) ander; (s;U;) at timest ands to be
positively correlated e.g.,

corferi (t; Ui);eri(Ss;Ui)JUi; ig=exp( Jt 9)); 0

Assume variation of realizations abouoi(t; Ui; ) are ofsimilar
magnitudeover time and individuals, e.g.,

Varfeg; (; Ui)jUi; ig= & O (constantfor allt)
Or assume variation depends on(t; U;; i), e.q.,

Varfer; (;Ui)jUi; ig= gfm(tU;; )g°; > 0
Result Assumptions imply aovariance modeln;  n;)

CoMeri jU)i; i)=Vri(Ui; i; r); r=( f;)°0r r=( &;; )°
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Model formulation

Conceptualization:

Concentration
200 400 600 800 1000

0
|

I I I I I I
0 50 100 150 200 250 300 350
Time

47



Model formulation

Measurement error deviation process:

Measuring devices commitaphazard errors-)
corifey:i (t; Ui);ewi (s;U;)jU;i; ig=0 forallt>s
Assume magnitude of errors smilar regardless of level, e.qg.,
Varfey; (t U))jU;; ig= § 0 (constantfor all t)

Or assume magnitude changes with level; oft@mproximatedunder
assumptionVarferi (t; U;)jU;i; ig<< Varfey; (t; U;)jU;i; id

Varfey; (; Ui)jUi; ig= gfm(t Ui Dg°; >0

Result: Assumptions imply aovariance mode(n; n;)
(diagonal matriX

Covem:i JU)i; i)= Vmi (Ui i; Rr): M = |%/|0r M = ( |%/|; )O
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Model formulation

Combining:

Standard assumption er; (t; U;) andey; (t; U;) areindependent

CofeijUi; i) = CoverijUi; i)+ Covemi jUi; i)
= Vri(Ui; o5 rR)* Vi (Ui i; wm)
= Vi(Ui; 5 )

=( i m)°

This assumptionrmay or may notbe realistic

Practical considerations: Quite complex intra-individual covariance
modelscan result fromfaithful considerationof the situation. . .

... But may bedi cult to implement
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Model formulation

Standard model simpli cations: One or more might be adopted
Negligiblemeasurement error)
Vi(Ui; 5 )= Wri(Ui; i; R)
The tj may be atwidely spaced intervals) autocorrelation
amonger; negligible=) Vi(U;; i; ) isdiagonal

Varfer;i (t; Ui)jU;; ig<< Varfey; (t;U;)]JU;; ig=)
measurement error idominant source

Simpli cations should bgusti able in the context at hand

Note: All of these considerations apply tany mixed e ects model
formulation, not justnonlinearones!
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Model formulation

Routine assumption: Vi(Ui; i; )= 21, = 2

Often made by default" with little consideration of the
assumptions it impliek

Assumesautocorrelationamonger;; negligible

Assumesonstant variancesi.e., Vaffeg. (t; U;)jUi; ig=
and Vafey; (;Ui)jUi; ig= & =) &= &+ f

If measurement error is negligibe g = %

If Varfer;i (t; Ui)jUi; ig<< Varfeu; ( Ui)jUi; ig

S

PUL)
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Model formulation

Standard assumptions in PK:

Sampling times aresu ciently far apart that autocorrelationamong
er;j Nhegligible(not always justi able!)

Measurement errodominatesrealization error so that
Var(er;j JUi; i) << Var(em;j JUi; i)

(often reasonabl¢

Measurement error variancgepends on levebhpproximated by
Var(ewsj jUi; )= wmfm(ti;Ui; i)d°

so thatVi(Ui; i; )= Vwmi (Ui; i; wm) Isdiagonalwith these
elements adlmost alwayshe case)

Often, 1
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Model formulation

Distributional assumption:
Specication forE(Y ijUi; )= m;iU;i; i),
mi(Ui; )= fm(ti; Uis i);iinm(tin ;Ui )8 (ni 1)
Speci cation for Co\Y ; jUi; i) = Vi(Ui; i; )

Standard assumption Distribution of Y ; givenU; and ; is
multivariate normalwith these moments

Alternatively, model on thdog scale=) Y; are conditionally (on
U; and ;) lognormal

In what follows Yj; denotes the outcome on theriginal or
transformedscale as appropriate
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Model formulation

Summary of the two-stage model: RecallX ; = (U®%AD)O
Substitute population modelfor ; in individual-level model
Stage 1 { Individual-level model
ECYiJXisb) = EiJUi; )= mi(Ui; i)=mi(Xi; ;b);
Co(YijXish) = CoUYjUi; )= Vi(Ui; &7 )= Vi(Xi; ;b )
Stage 2 { Population model
= d(Ai; ;b); b (0;G)

Standard assumptions
{ Y, givenX ; andb; multivariate normal(perhapstransformed
{ bi N(;G)

{ All of these can beelaxed
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Model interpretation and inferential objectives

\Subject-speci ¢" model: Individual behaviomodeled explicitlyat
Stage 1, depending omdividual-speci cparameters ; that have
scienti cally meaningful interpretation

Models forE(Y i jU;i; i) and ;, andhenceE(Y ;] X ;b;),
specied ...

...In contrast to a \population-averagetimodel, where a model for
E(Y )X ) Is speci eddirectly

This is consistent with thanferential objectives

Interest is in \typical" values of ; and how theyvary in the
population. ..

...hot in the \typical" response pattermescribed by a
\ population-averagetinodel for E(Y ; ] X )

=) E(YijXi)= RE(Yini;bi)p(bi;G)dbi
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Model interpretation and inferential objectives

Malin inferential objectives: May beformalizedin terms of the model

For a speci cpopulation modeld, the xed e ect characterizes
the meanor median(\ typical") value of ; in the population
(perhaps for individuals with given value 8f;)

=) Determining anappropriate population modad(A;; ;b;j) and
Inference orelementsof in it is of central interest

Variation of ; across individual®eyondthat attributable to
systematic associationwith among-individual covariates ; is
described byG (\ unexplained variatioh)

=) Inference onG is of interest (in particular,diagonal elementp
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Model interpretation and inferential objectives

Additional inferential objectives: In some contexts

Inference on ; and/or m(tg; U;; i) at some speci c timety for
| =1;:::;N or for future individualsis of interest

Example \ Individualized' dosing in PK

The model is a natural framework forborrowing strength' across
similar individuals (more later)
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Inferential approaches

Reminder { summary of the two-stage model: X ; = (U AD)C
Stage 1 { Individual-level model
ECYijXi;h) = EijUi; )= mi(U;; )= mi(Xi; ;b);
CoY ijXish) = Co«YijUi; i)= Vi(Ui; i; )= Vi(Xi; ;bis )
Stage 2 { Population model
= d(Ai; b)), b (0;G)

Standard assumptions

{ Y, givenX ; andb; multivariate normal(perhapstransformed
=) probability density functiorf; (y;  xi;bi; ; )

{ bb N(O;G) =) densityf (b; G)

(Y i; X i) assumedndependentacrossi
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Inferential approaches

Natural basis for inference on , G: Maximum likelihood
Joint densityof Y givenX (by independencg

W
fyix; ;6= fi(yiixi; ;6);  =( % 9°
=1
fi(yi;bijxi; ;G)= fi(y;ixi;bi; )f(bi; G)
Log-likelihoodfor ( ; G)

(¢ )
(;6) = log | fi(yiixi; ;G)
(lzlz )
= log fiCy;iixi;bi; ) f(bi; G)db
i=1

InvolvesN g dimensional integrals

59



Inferential approaches

( W V4 )
( ;G)=log fiCyiixi;bi; )f(bi; G)db
i=1
Major practical issue: These integrals aranalytically intractablein
general and may baigh-dimensional

Some means ohpproximationof the integrals required

Analytical approximation(the approach usedhistorically, rst by
pharmacokineticists) { will discusgst

Numerical approximatior{fmore recent, as computational resources
haveimproved
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Inferential approaches

Inference based on individual estimates: If nj r, can (in principle)
obtain individual regression estimatdy

E.g.,ifVi(Ui; i; )= 2l, can useordinary least squares
for eachi
For fancierV;(U;; i; ) can usegeneralizedweighted) least

squaredor eachi with an estimate of substituted

can be estimated bypooling" residuals across alN individuals

Realistically Requiren; >>r

Described in Chapter 5 of Davidian and Giltinan (1995)

ldea: Use thebi, | =1:::::N, as \data" to estimate andG...
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Inferential approaches

ldea: Use thebi, | =1:::::N, as \data" to estimate andG

Considerlinear population model; = A; + Bib,
Standardlargen; asymptotic theory=)
b.ju;; i N(i;G); Cidependson ;;

EstimateC; by substituting®;, b =) Bju;; i N( ;;®) and
treat & as xed

Write as b, te.ejUis i N(©O:®)
=) Approximate\ linear mixed e ects modé! for \ outcome" b,
o, Ai +Bibi+e; b N(@G); ejUi; i N(©O®)

Can be tted (estimate , G) usingstandard linear mixed model
methods (treating®, as xed )
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Inferential approaches

b, A +Bib+e; b N(0:G);, ejUi;i N(@O:®)

Fitting the \linear mixed model":

\ Global two-stage algorithth (GTS): Fit using the EM algorithm;
see Davidian and Giltinan (1995, Chapter 5)

Usestandard linear mixed model softwaseich as SASroc

mixed, R functionlme { requires somaweakingto handle the fact
that &, is regarded agknown

Appeal to usualargeN asymptotic theoryfor the \linear mixed
model" to obtain standard errordor elements of?, con dence
Intervalsfor elements of , etc (generally worksvell)

Common misconception: This method is often portrayed in the
literature as havingho relationshipto the nonlinear mixed e ects model
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Inferential approaches

How does this approximate the integrals? Not readily apparent
May view theb; as approximate $u cient statistics " for the |
Change of variablem the integrals and replacg; (y; j xi; bi; ) by
the (normal) densityf (bi jUi; i; ) corresponding to the
asymptotic approximation

Remarks:

Whenall n; aresu ciently large to justify the asymptotic
approximation (e.g.intensivePK studies), | like this method!

Easy to explairto collaborators

Givessimilar answerso other analytical approximation methods
(coming up)

Drawback No standardsoftware (although see my website for
R/SAS code)
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Inferential approaches

In many settings: \ Rich" individual data not availablefor all i
(e.g., population PK studies); i.e.,n; \ not large" for some or alli

Approximate the integralsnore directlyby approximating
filyiixi; ;G)
Write model with normality assumptions at both stages:
Yi=mi(Xi; ;b)+ V(X b ) i b N(0;G)
V' (ni  n;) such thatV,' ™2 (V,"7%)0= v
i1 Xab N(O;In) (N 1)

First-order Taylor seriesaboutb; = b, \close" to b;, ignoring
cross-product(l; b;) i asnegligible=)

Vi omi(Xo;osb) Zi(Xas b)) +Zi(X s sb)bi+ V(X b )
Zi(Xi; ;b)) = @=@m;(Xi; ;bi)gjp = p,
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Inferential approaches

Yio mi(Xisosb) Zi(Xis sb)bi+Zi(Xir sh)bi+ V(X Gn ibn )

\First-order" method: Takeb, = 0 (mean ofby;)
=) Distribution of Y ; givenX ; approximately normatvith
E(YijXi) mi(Xi; ;0);
CoMY X ;) Zi(Xi; ;0)GZXAXi; ;0)+ Vi(Xi; ;0; )
=) Approximatef;(y; jX;; ;G) by a normal density with these
moments, so that ( ; G) is in aclosed form

=) Estimate( ; ;G) by maximum likelihood because integrals
are eliminated, is alirect optimization(but still very messy..)

First proposed by Beal and Sheiner in early 1980s in the cdnbé
population PK
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Inferential approaches

\First-order" method: Software
fo method in the Fortran packagaonmengwidely usedoy PKists)
SASproc nimixed using themethod=firo option

Alternative implementation: View as anapproximate
\ population-averagetimodel for mean and covariance

ECYijXi) mi(Xi; ;0);
CoUYjX ) Zi(Xi; ;00GZAXi; ;0)+ Vi(Xi; ;0; )
=) Estimate( ; ;G) by solving a set ofeneralized estimating

equations(GEEs; speci cally, GEE-1")
Is adi erent method from maximum likelihood (GEE-2")

Software: SAS macronlinmix with expand=zero
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Inferential approaches

Problem: Theseapproximate momentsare clearlypoor approximations
to the true moments

In particular, poor approximationto E(Y ;jX ;) =) biased
estimatorsfor

\First-order conditional methods": Use a \better" approximation
Take b, \closer'to b

Natural choice:B; = modeof the posterior density
_ hilyiixishi; )1 (bi; G)
fiCyiIxi; ;G)

f(bijy;;xi; ;G)

=) Approximate moments
E(YijXi) mi(Xi; ;B)  Zi(Xi; ;BB
Col(Y ijX ) Zi(Xi; ;B)GZAX; B+ vi(Xa; ;B )
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Inferential approaches

Fitting algorithms: Iterate between

approximationto it) with b and 8 substitutedand held xed

(i) Hold the B, xed and update estimation of and G by either

(a) Maximizingthe approximatenormal log-likelihoodoased on
treating Y ; givenX ; as normal with these moment£)R

(b) Solvinga corresponding set dBEES

Usually \converges (although no guaranteg

Software:
nonmemvith foce option implements(ii) (a)

R functionnlme, SAS macronlinmix with expand=Dblup option
Implement(ii) (b)
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Inferential approaches

Standard errors, etc: For both \ rst-order " approximations

Pretendthat the approximate momentsre exactand use theusual
largeN asymptotic theoryfor maximum likelihood or GEEs

Providesreliable inferencem problems wheréN is reasonably large
and the magnitude olhmong-individual variations not huge

My experience:

Even without the integration, these areasty computational
problems and good starting valuedor the parameters areequired
(may have to try several sets of starting values).

The \ rst-order " approximation istoo crudeand should beavoided
In general (although can be a good way to get reasonaléeting
valuesfor other methods)

The \ rst-order conditional" methods often work well, are
numericallywell-behaved and yieldreliable inferences
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Inferential approaches

(W V4 )
(;6)=log filyiixi;bi; ) f(bi; G)db
i=1
Numerical approximation methods: Approximatethe integrals using
deterministicor stochastic numerical integratiotechniques

(g-dimensional numerical integratignand maximize the log-likelihood

Issue For each iterationof the likelihood optimization algorithm,
must approximateN g-dimensional integrals

Infeasibleuntil recently: Numerical integration embeddedpeatedly
In an optimization routine iscomputationally intensive

Getsworsewith larger g (the \ curse of dimensionality)
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Inferential approaches

Deterministic technigues:
Normality of b; =) Gauss-Hermite quadrature

Quadrature rule Approximate an integral by auitable weighted
averageof the integrand evaluated at g-dimensional gricbf values
=) accuracy increasesith more grid points, but so does
computational burden

Adaptive Gaussian quadraturéeCenter" and \scale" the grid
about B =) cangreatly reducghe number of grid points needed

Software: SASproc nlmixed
Adaptive Gaussian quadraturelhe default

Gaussian quadraturemethod=gauss noad
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Inferential approaches

(\P" 7 )
( ;G)=log fiCy;jxi;bi; )f(bi; G)db

Stochastic technigues:

\ Brute force" Monte Carlointegration: Represent integral far by

e
Bt filyiixi;b®; )
b=1

b® are draws fromN (0; G) (at the current estimates of ; G)
Can requirevery largeB for acceptable accuracyir{e cient )

Importance sampling Replace this by auitably weightedversion
that is more e cient

Software: SASproc nimixed implementsimportance sampling
(method=isamp)
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Inferential approaches

My experience with SAS proc nimixed :

Goodstarting valuesare essentialmay have to try many sets) {
starting values are required fall of ;G;

Could obtain starting values from aanalytical approximation
method

Practically speaking, quadrature iafeasiblefor g > 2 almost always
with the mechanism-basedonlinear models in PK and other
applications
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Inferential approaches

Other methods: Maximize the log-likelihood via aikM algorithm

For nonlinear mixed modelsthe conditional expectation in the
E-stepis not available in aclosed form

Monte Carlo EM algorithm Approximate the E-step by ordinary
Monte Carlo integration

Stochastic approximation EM algorithmApproximate the E-step by
Monte Carlo simulation and stochastic approximation

Software. MONOLIX (http://www.monolix.org/ )
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Inferential approaches

Bayesian inference : Natural approach tohierarchical models

Big picture: In the Bayesian paradigm

View , ,G,andbj,i=1;:::;N, asrandom parametergon
equal footing) withprior distributions(priors forbj, i =1;:::;N,
areN (0; G))

Bayesian inference on and G is based on theiposterior
distributions

The posterior distributions involvaigh-dimensional integratiomand
cannotbe derived analytically ...

... but sampledrom the posterior distributions can be obtained via
Markov chain Monte CarldMCMC)
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Inferential approaches

Bayesian hierarchy:
Stage 1 { Individual-level modelAssumenormality

E(YijXith) = E(YijUi; )= miUi; )= mi(Xi; ;b);

Co(YijXi;b) = ColYijUi; i)= Vi(Ui; i; )= Vi(Xi; ;bi; )
Stage 2 { Population model ; = d(Aji; ;bi); b N(O;G)
Stage 3 { Hyperpriot ( ; ;G) f( ; ;G)=f( )f( )oG)

Joint posterior density

Qn

. =1 FiQyilxi;bi; )f(bi; G)f(; ;G)

f(;G; bjy;x)= =27 . ;

denominatoris numerator integratedwrt ( ; G; bj;1=1;:::;N)
E.g.,posteriorfor ,f( jy;X): Integrate out ;G;bj;i=1;:::;N
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Inferential approaches

Estimator for : Mode of posterior
Uncertainty measured bgpreadof f ( jy;Xx)
Similarly for , G, andbj, 1 =1;:::;N
Implementation: By simulationvia MCMC

Samples from thdull conditional distributions(eventually) behave
like samples from the posterior distributions

The modeand measures of uncertainty may be calculated
empiricallyfrom these samples

Issue Sampling from some of the full conditionals m®t entirely
straightforwardbecause ohonlinearityof m in ; and henceb;

=) \All-purpose' software not available in general, but has been
Implemented for populam in add-ons toWinBUG®e.g., PKBug$
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Inferential approaches

Experience:

With weak hyperpriors anddood" data, inferences areery similar
to those based omimaximum likelihoodand rst-order conditional
methods

Convergenc®f the chain must be monitored carefullyfalse
convergenceé can happen

Advantage of Bayesian frameworkNatural mechanism to
Incorporateknown constraintsand prior scienti ¢ knowledge
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Inferential approaches

Inference on individuals: Follows naturally from a Bayesian perspective

Goal: \ Estimate” b; or ; for a randomly chosen individualfrom
the population

\ Borrowing strength': Individuals sharing common characteristics
can enhance inference

=) Natural \estimator" is the modeof the posteriorf (bjjy;x) or
FCily;x)

Frequentist perspective( ;G) are xed { relevant posterior is

_ filyiixishi; ) f(bi; G)

=) substitute estimates for( ;G)
b, = d(A;;P;B)
\ Empirical Bayes$
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Inferential approaches

Selecting the population model d: Everything so far is predicated on
a xed d(Ai; ;b)

A key objective in many analyses (e.gopulation PK) is to identify
an appropriated(Ai; ;b;)

Must identify elementsof A; to include in each component of
d(A;i; ;bj) and thefunctional formof each component

Likelihood inference Usenested hypothesis testsr information
criteria (AIC, BIC, etc)

Challenging whem\; is high-dimensional. .

...Need a way ofelectingamong large number of variables and
functional forms in each componensifll an open problem .)
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Inferential approaches

Selecting the population model d: Continued

Graphical methods Based onBayesor empirical Bayesestimates"

{

Fit an initial population model withno covariateqelements of
A and obtain B/EB estimatesBi, 1=1::::N

Plot components oB against elements oA, look for
relationships

Postulate and t an updatedpopulation modeld incorporating
relationshipsand obtain updated B/EB estimate8; and re-plot

If model is adequate, plots should shawphazard scatter
otherwise,repeat

Issue I \ Shrinkage' of B/EB estimates could obscure
relationships (especially b reallyaren't normally distributed

Issue 2 \ One-at-a-time' assessment of relationships couhadiss
Important features
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Inferential approaches

Normality of bj: The assumptiorb; N (0; G) is standardin mixed
e ects model analysishowever

Is it always realisti@

Unmeasuredinary among-individual covariatsystematically
associated with ; =) b; hasbimodal distribution

Or a normal distribution may justnot be the best model!
(heavy tails skewness .)

Consequences

Relaxing the normality assumption: Represent thedensityof b; by a
exible form

Estimate thedensityalong with themodel parameters

=) Insightinto possibleomitted covariates
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Applications

Example 1: A basic analysis fargatroban PK
N = 37, di erent infusion ratesD; for ti,s = 240 min

Y;”* = concentrations att; = 30,60,90,115,160,200,240,
245,250,260,275,295,320,360 min;(= 14),

One compartment model
D el el
m" (G Ui ) = eC—|I. exp eT(t tinf) + exp eTit
K= (CLV)% Ui = (D tin)
Xy =0ifx Oandxy =xifx>0
Cl; =log(Cli), V; =log(Vi)

No among-individual covariateA
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Applications

Pro les for subjects receiving 1.0 and 4.5

Argatroban Concentration (ng/ml)

400 600 800 1000 1200

200

Infusion rate 1.0 ng/kg/min
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Applications

Nonlinear mixed model:
Stage 1 { Individual-level modelYj; normalwith
EQY jUi; )= m™% (t;;Ui; )
Co(YijUi;Ai)= Vi(Ui; i )= adiagf::5;m™" (4 ;Ui )% 5iig
=) negligible autocorrelationmeasurement errodominates

Stage 2 { Population model
i =+ Db =( 1; 2% b N(0;G)

=) 1, 2 representpopulation mean®f log clearance, volume;
equivalently,exp( 1);exp( 2) arepopulation medians

P P . .
=) Gi11; Gy  coe cients of variation of clearance, volume
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Applications

Implementation: Using

Individual estimated; found using Yooled' generalized least
squaredncluding estimation of (customized R code) followed by
tting the \ linear mixed modeél (SAS proc mixed)

First-ordermethod via version 8.01 of SAS macniinmix with
expand=zero { x = 0.22 (estimate from above)

First-order conditionaimethod via version 8.01 of SAS macro
nlinmix with expand=eblup { x = 0.22

First-order conditionaimethod via R functiomlme (estimate )

Maximum likelihoodvia SASproc nlmixed with adaptive Gaussian
guadrature(estimate )

Code: Can be found at
http://www.stat.ncsu.edu/people/davidian/courses/st 762/
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Applications

Method 1 2 e G G2 G2z

Indiv. est. 5.433 1.927 23.47 0.22 0.137 6.06 6.17
(0.062) (0.026)

First-order 5.490 1.828 26.45 { 0.158 3.08 16.76

nlinmix (0.066) (0.034)

First-order cond. 5.432 1.926 23.43 { 0.138 5.67 4.76

nlinmix (0.062) (0.026)

First-order cond. 5.433 1.918 2042 0.24 0.138 6.73 4.56

nime (0.063) (0.025)

ML 5.423 1.897 11.15 0.34 0.150 13.71 11.26

nimixed (0.064) (0.038)

Values forGiz, G2, are multiplied by 16
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Applications

Interpretation: Based on the individual estimates results
Concentrations measured in ng/ml = 1000g/m|

Medianargatrobanclearance 4.4 g/mi/kg
( exp( 5.43) 1000)

Medianargatrobanvolume 145.1 ml/kg =) 10 liters for
a 70 kg subject

AssumingCl;, Vi approximatelylognormal

{ Gz I00.14 100 37% coe cient of variation for clearance

{ Goo p0.00617 100 8% CV forvolume
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Applications

Argatroban Concentration (ng/ml)

400 600 800 1000 1200

200

Individual inference: Individual estimate(dashed) andempirical Bayes
estimate(solid)
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Applications

Example 2: A simplepopulation PK studyanalysis:phenobarbital
World-famousexample
N = 59 preterm infants treated withphenobarbitalfor seizures
n; = 1 to 6 concentration measurements per infant, total of 155

Among-infant covariategA;): Birth weight w; (kg), 5-minute
Apgar score ; = I[Apgar< 5]

One-compartmentmodel (rinciple of superpositioh

X . .
mEUG )= e St s)
|

N |
Sp <t

Objectives Characterize PK and its variation Mean/medianCl;,
V;? Systematic association&ith among-infant covariate® Extent
of unexplained variatiof?
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Applications

Dosing history and concentrations for one infant:

Phenobarbital conc. (mcg/ml)

20
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40

0 50 100 150 200
Time (hours)

250

300
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Applications

Nonlinear mixed model:

Stage 1 { Individual-level model
EQY; jUi; )= m(tj;Ui; ); CodYijUisA)= Vi(Uis i )= &y,

=) negligible autocorrelationmeasurement errodominatesand
hasconstant variance

Stage 2 { Population model

{ Without among-infant covariate®\
logCli = 1+ by, logVi= >+ Do
{ With among-infant covariate®\

logCli = 1+ 3w+ by, logVi= >+ 4w+ 5+ hbo
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Applications

Empirical Bayes estimates vs. covariates: Fit without

Clearance random effect

Clearance random effect
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Applications

Empirical Bayes estimates vs. covariates: Fit with

Clearance random effect

Clearance random effect
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Applications

Relaxing the normality assumption on b;: Represent the density dj
by a exible form, t by maximum likelihood
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Extensions

Multivariate outcome: More than one type of outcomeneasured
longitudinally on each individual

Objectives:Understand the relationships between the outcome
trajectories and theprocesses underlyingpem

Key example Pharmacokinetics/pharmacodynami¢®K/PD) as in
argatroban
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Extensions

Required: A joint modelfor PK and PD

Data:

{ Y/ attimesty™ (PK concentrations)

{Y

i O attimest;® (PD aPTT responses)

PK modelwith 7% =(CI ;V. )% U; = (Dj;tin)

PK (4.11.. PK D; el
m (U, )= i, exp eT(t ting) + exp

PD modelwith F° = (Eg;; Epmaxi: ECs0:i)°

E . Eo
@™ max; et o
mPP (cong P)= efoi +

1 + eFCs0:i =conc

eCl,
eVi
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Extensions

Concentration-PD response relationship:

Subject 15 Subject 19

100
100

8
8

40
40

*
*
>
*

500 1000 1500 2000 2500 0 500 1000 1500 2000 2500

aPTT (seconds)

20
20

o

Subject 28 Subject 33

100
100
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8
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60
*
60

40
40
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20
20

0 500 1000 1500 2000 2500 0 500 1000 1500 2000 2500
Predicted argatroban conc. (na/ml) Predicted argatroban conc. (na/ml)
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Extensions

Result: Assumingmeasurement error dominategalization variation, so

\true" PK concentration fori att m(t; U;; iPK)

Stage 1 { Individual-level model
YijPK - mPX (tiFj>K U, iPK)_I_ eﬁK

PD  _ PD¢ PK (4PD.yy . PKy. PD PD
Yi = m o fm™ (7 Ui 7)) gt g

e, &° mutuallyindependeni(primarily measurement error
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Extensions

Full model: CombinedoutcomesY ; = (Y K%y P90
= 70% TPY%=(clv  Eois Emaxi s ECs0i)°
Stage 1 { Individual-level model
E(YTKjUG )= mPRal;un 76
E(YPjUi )= mPPEmPR P uis 75 TP g

CoYijUi; i) = block diadV\"* (Ui; i; "% )PP Ui; &5 PP)g
VPR (U 1 PR = e diadinmPRefR U PO T g
h"
VPP (Ui; 17 PPy= Zppdiag inmPPimPK (PP Uy PRy PP

Stage 2 { Population model

=+ by =( 1;::5; 5)% b N(0;G)
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Extensions

Implementation:

PK
Sequentially Fit PK model=) individual estimatesbi and
PK
predicted concentrationsn™* (t7'° ;U;; b~ ) at the PD sampling

times

Sequentially Substitutein PD model and treat aknown, t PD
model

Jointly: Fit full model directly
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Extensions

Fits: Usingnlme

Sequential

Joint

oA N R

5.433 (0.062)
1.918 (0.025)
3.361 (0.018)
4.410 (0.045)
6.295 (0.150)
(20.42,0.24)
(0.164,0.80)
0.138
4.56
8.16
0.025
0.377

5.439 (0.061)
1.894 (0.024)
3.360 (0.019)
4.427 (0.045)
6.362 (0.155)
(16.66,0.28)
(0.154,0.82)
0.133
5.51
8.51
0.026
0.425

Values forGa,, Gzz are multiplied by 16
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Extensions

Time-dependent among-individual covariates: Among-individual
covariateschangeover timewithin an individual

In principle, one could write j; for eacht; ; however ..

Key issue Does this makescienti ¢ sense

PK: Do pharmacokinetic processemsry within an individual?
Example: Quinidinestudy

Creatinine clearance, ;-acid glycoprotein concentration, etc,
changeoverdosing intervals

How to incorporatedependence ofl;, V, on i-acid glycoprotein
concentration?
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Extensions

Data for a representative subject:

time conc. dose age weight creat. glyco.
(hours) (mg/L) (mg) (years) (kg) (ml/min)  (mg/dl)
0.00 { 166 75 108 > 50 69
6.00 { 166 75 108 > 50 69
11.00 { 166 75 108 > 50 69
17.00 { 166 75 108 > 50 69
23.00 { 166 75 108 > 50 69
27.67 0.7 { 75 108 > 50 69
29.00 { 166 75 108 > 50 94
35.00 { 166 75 108 > 50 94
41.00 { 166 75 108 > 50 94
47.00 { 166 75 108 > 50 94
53.00 { 166 75 108 > 50 94
65.00 { 166 75 108 > 50 94
71.00 { 166 75 108 > 50 94
77.00 0.4 { 75 108 > 50 94
161.00 { 166 75 108 > 50 88
168.75 0.6 { 75 108 > 50 88

height=72 inches, Caucasian, smoker, no ethanol abuse, no BF
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Extensions

Population model: Standard approach in PK

For subjecti: ;-acid glycoprotein concentration likely measured
iIntermittently at times 0, 29, 161 hours andssumed constanbver
the intervals (0,29), (29,77), (161) hours

covariates fort; 2 I =) e.g., linear model
i = At Db

This population modelassumes Wwithin subject inter-interval
variation" entirely \ explained by changes in covariate values

Alternatively: Nestedrandom e ects

i = Ak + b+ bik; bi;bk independent
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Extensions

Multi-level models: More generally

ik = Ak + b+ bik; bi;bk iIndependent

Missing/mismeasured covariates: Aj, Ui, t;;
Censored outcome: E.g., due to anassay quanti cation limit

Semiparametric models: Allow m(t; Ui; i) to depend on an
unspeci ed functiong(t; i)

Flexibility, model misspeci cation
Clinical trial simulation: \Virtual" subjects simulated from anonlinear

mixed e ects modelfor PK/PD/disease progressiotinked to aclinical
end-point
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Discussion

Summary:

The nonlinear mixed e ects modak now astandard statistical
frameworkin many areas of application

|s appropriate when scienti ¢ interest focuses anthin-individual
mechanisms/processdhlat can be represented byarametersn a
nonlinear(often theoretical) modelfor individual time course

Free and commerciadoftwareis available, but implementation is
still complicated

Speci cation of models and assumptions, particularly tip@pulation
model, is somewhat arart-form

Current challenge High-dimensionalA; (e.g., genomicinformation)

Still plenty of methodological researcto do
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Discussion

See the references on slide 3 for an extensive bibliography
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