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Introduction

Common situation in the biosciences:

� A continuous outcomeevolves overtime (or other condition)within
individualsfrom a populationof interest

� Scienti�c interest focuses onfeaturesor mechanismsthat underlie
individual time trajectoriesof the outcome and how thesevary
across the population

� A theoreticalor empirical modelfor such individual pro�les, typically
nonlinearin parametersthat may be interpreted as representing such
features or mechanisms, is available

� Repeated measurementsover time are available on each individual in
a sampledrawn from thepopulation

� Inferenceon the scienti�c questions of interest is to be made in the
context of themodeland its parameters
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Introduction

Nonlinear mixed e�ects model:

� Also known as thehierarchical nonlinear model

� A formal statistical frameworkfor this situation

� Much statistical methodologicalresearch in the early 1990s

� Now widely acceptedand used, with applications routinely reported
and commercial and freesoftwareavailable

� Extensionsand methodological innovationsare still ongoing

Objectives:

� Provide anintroduction to the formulation, utility, and
implementation of nonlinear mixed models

� For de�niteness, focus onpharmacokineticsand pharmacodynamics
as major application area
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Pharmacokinetics and pharmacodynamics

Premise: Understanding what goes onbetween dose(administration)
and responsecan yield information on

� How best tochoose dosesat which to evaluate a drug

� Suitabledosing regimensto recommend to the population,
subpopulations of patients, and individual patients

� Labeling

Key concepts:

� Pharmacokinetics(PK ) { \what the body does to the drug"

� Pharmacodynamics(PD) { \what the drug does to the body"

An outstanding overview: \ Pharmacokinetics and
pharmacodynamics," by D.M. Giltinan, in Encyclopedia of Biostatistics,
2nd edition
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Pharmacokinetics and pharmacodynamics

PK -

concentration

PD- -

dose response

.

...........
...........

...........
...........

..........

...........
...........

...........
...........

.......

...........
...........

...........
...........

....

...........
...........

...........
...........

.

...........
............

...........
........

............
............

............
...

.............
.............

............

..............
..............

.........

...............
...............

......

.................
.................

.

....................
..............

........................
.........

...............................
.

............................... .............................. ............................. ..............................
...............................

................................
.................................

..................................

...................................

....................................

.....................................

......................................

.......................................

..........................................

.............................................

................................................

...................................................

���

7



Pharmacokinetics and pharmacodynamics

Dosing regimen: Achievetherapeutic objectivewhile minimizing
toxicity and di�culty of administration

� How much? How often? To whom? Under whatconditions?

Information on this: Pharmacokinetics

� Study of how the drugmovesthrough the body and theprocesses
that govern this movement

(Elimination = metabolismand excretion)
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Pharmacokinetics and pharmacodynamics

Basic assumptions and principles:

� There is an \e�ect site " where drug will have its e�ect

� Magnitudes ofresponseand toxicity depend ondrug concentration
at the e�ect site

� Drug cannot be placeddirectly at e�ect site, must move there

� Concentrations at the e�ect site aredeterminedby ADME

� Concentrations must be kepthigh enoughto produce a desirable
response, butlow enoughto avoid toxicity

=) \ Therapeutic window"

� (Usually) cannot measure concentration at e�ect site directly, but
can measure inblood/plasma/serum; re
ect those at site
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Pharmacokinetics and pharmacodynamics

Pharmacokinetics (PK): First part of the story

� Broad goal of PK analysis: Understand and characterize
intra-subject ADMEprocesses of drugabsorption, distribution,
metabolismand excretion(elimination) governing achieveddrug
concentrations

� . . . and how these processesvary across subjects (inter-subject
variation)
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Pharmacokinetics and pharmacodynamics

PK studies in humans: \ Intensive studies"

� Small number of subjects (oftenhealthy volunteers)

� Frequentsamples over time, often followingsingle dose

� Usuallyearly in drug development

� Useful for gaining initial information on \typical" PK behavior in
humans and for identifying an appropriatePK model. . .

� Preclinical PK studies inanimalsare generallyintensivestudies
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Pharmacokinetics and pharmacodynamics

PK studies in humans: \ Population studies"

� Largenumber of subjects (heterogeneouspatients)

� Often in later stagesof drug development or after a drug is in
routine use

� Haphazard, sparsesampling over time,multiple dosing intervals

� Extensivedemographicand physiologiccharacteristics

� Useful for understandingassociationsbetweenpatient characteristics
and PK behavior=) tailored dosing recommendations
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Pharmacokinetics and pharmacodynamics

Theophylline study: 12 subjects, same oral dose (mg/kg)
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Pharmacokinetics and pharmacodynamics

Features:

� Intensivestudy

� Similarly shapedconcentration-time pro�les across subjects

� . . . but peak, rise, decayvary

� Attributable to inter-subject variationin underlying PK behavior
(absorption, distribution, elimination)

Standard: Represent the body by a simple system ofcompartments

� Gross simpli�cationbut extraordinarily useful. . .
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Pharmacokinetics and pharmacodynamics

One-compartment model with �rst-order absorption, elimination:

oral doseD A(t) --

keka

dA(t)
dt

= kaAa(t) � keA(t); A(0) = 0

dAa(t)
dt

= � kaAa(t); Aa(0) = D

F = bioavailability; Aa(t) = amount at absorption site

Concentration att : m(t) =
A(t)
V

=
kaDF

V(ka � ke)
f exp(� ket) � exp(� ka t)g;

ke = Cl=V; V = \ volume" of compartment; Cl = clearance
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Pharmacokinetics and pharmacodynamics

One-compartment model for theophylline:

� Single \blood compartment" with fractional rates ofabsorptionka

and eliminationke

� Deterministic mathematical model

� Individual PK behaviorcharacterized byPK parameters
� = ( ka ; V; Cl)0

By-product:

� The PK model assumes PK processes aredose-independent

� =) Knowledge of the values of� = ( ka ; V; Cl)0 allows
determination of concentrations achieved at any timet under
di�erent doses

� Can be used to developdosing regimens
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Pharmacokinetics and pharmacodynamics

Objectives of analysis:

� Estimate \typical" values of� = ( ka ; V; Cl)0 and how theyvary in
the populationof subjects based on thelongitudinal concentration
data from thesampleof 12 subjects

� =) Must incorporatethe (theoretical) PK model in an appropriate
statistical model(somehow. . . )
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Pharmacokinetics and pharmacodynamics

Quinidine population PK study: N = 136 patients undergoing
treatment with oral quinidine for atrial �brillation or arrhythmia

� Demographic/physiologic characteristics: Age, weight, height,
ethnicity/race, smoking status, ethanol abuse, congestive heart
failure, creatinine clearance,� 1-acid glycoprotein concentration, . . .

� Samples taken overmultiple dosing intervals=)
(dose time, amount) =(s` ; D ` ) for the `th dose interval

� Standard assumption: \Principle of superposition" =) multiple
doses are \additive"

� One compartment modelgives expression for concentration
at time t. . .
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Pharmacokinetics and pharmacodynamics

For a subject not yet at a steady state:

Aa(s` ) = Aa(s` � 1) expf� ka(s` � s` � 1)g + D ` ;

m(s` ) = m(s` � 1) expf� ke(s` � s` � 1)g + Aa(s` � 1)
ka

V (ka � ke)

�
h

expf� ke(s` � s` � 1)g � expf� ka(s` � s` � 1)g
i
:

m(t) = m(s` ) expf� ke(t � s` )g + Aa(s` )
ka

V (ka � ke)

�
h

expf� ke(t � s` )g � expf� ka(t � s` )g
i
; s` < t < s ` +1

ke = Cl=V; � = ( ka ; V; Cl)0

Objective of analysis: Characterizetypical valuesof and variation in
� = ( ka ; V; Cl)0 across the population and elucidatesystematic
associationsbetween� and patient characteristics
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Pharmacokinetics and pharmacodynamics

Data for a representative subject:

time conc. dose age weight creat. glyco.
(hours) (mg/L) (mg) (years) (kg) (ml/min) (mg/dl)

0.00 { 166 75 108 > 50 69
6.00 { 166 75 108 > 50 69

11.00 { 166 75 108 > 50 69
17.00 { 166 75 108 > 50 69
23.00 { 166 75 108 > 50 69
27.67 0.7 { 75 108 > 50 69
29.00 { 166 75 108 > 50 94
35.00 { 166 75 108 > 50 94
41.00 { 166 75 108 > 50 94
47.00 { 166 75 108 > 50 94
53.00 { 166 75 108 > 50 94
65.00 { 166 75 108 > 50 94
71.00 { 166 75 108 > 50 94
77.00 0.4 { 75 108 > 50 94

161.00 { 166 75 108 > 50 88
168.75 0.6 { 75 108 > 50 88

height=72 inches, Caucasian, smoker, no ethanol abuse, no CHF

20



Pharmacokinetics and pharmacodynamics

Pharmacodynamics (PD): Second partof the story

� What is a \good" drug concentration?

� What is the \therapeutic window?" Is it wide or narrow? Is it the
same foreveryone?

� Relationship ofresponseto drug concentration

� PK/PD study : Collect both concentration andresponsedata from
each subject
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Pharmacokinetics and pharmacodynamics

Argatroban PK/PD study: Anticoagulant

� N = 37 subjects assigned to di�erentconstant infusion rates
(doses) of 1 to 5� /kg/min of argatroban

� Administered byintravenous infusionfor 4 hours (240 min)

� PK (blood samples) at
(30,60,90,115,160,200,240,245,250,260,275,295,320) min

� PD : additional samples at 5{9 time points, measuredactivated
partial thromboplastin time(aPTT, the response)

E�ect site: The blood
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Pharmacokinetics and pharmacodynamics
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Pharmacokinetics and pharmacodynamics

Argatroban PK model: One-compartment modelwith constant
intravenous infusion rateD (� g/kg/min) for duration t inf = 240 min

mP K (t) =
D
Cl

�
exp

�
�

Cl
V

(t � t inf )+

�
� exp

�
�

Cl
V

t
��

; � = ( Cl; V )0

x+ = 0 if x � 0 and x+ = x if x > 0

� PK parameters: � P K = ( Cl; V )0

� Estimate \typical" values of� P K = ( Cl; V )0 and how theyvary in
the population of subjects

� Understand relationship between achieved concentrationsand
response (pharmacodynamics. . . )
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Pharmacokinetics and pharmacodynamics

Response-concentration for 4 subjects:
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Pharmacokinetics and pharmacodynamics

Argatroban PD model: \ Emax model"

mP D (t) = E0 +
Emax � E0

1 + EC50=mP K (t)

� Response at timet depends on concentration ate�ect site at time t
(same as concentration in blood here)

� PD parameters: � P D = ( E0; Emax; EC50)0

� Also depends onPK parameters

� Estimate \typical" values of� P D = ( E0; Emax; EC50)0 and how
they vary in the population of subjects
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Pharmacokinetics and pharmacodynamics

Ultimate objective: Put PK and PD together to

� Characterizethe \ therapeutic window" and how it varies across
subjects

� Developdosing regimenstargeting achieved concentrations leading
to therapeutic response

� For population, subpopulations, individuals

� Decide on dose(s) to carry forward tofuture studies
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Pharmacokinetics and pharmacodynamics

Summary: Commonthemes

� An outcome(or outcomes) evolves over time; e.g.,concentrationin
PK, response in PD

� Interest focuses onunderlying mechanisms/processestaking place
within an individualleading to outcome trajectories and how these
vary across the population

� A (usuallydeterministic) model is available representing
mechanisms explicitly by scienti�cally meaningful modelparameters

� Mechanisms cannot beobserved directly

� =) Inference on mechanisms must be based onrepeated
measurementsof the outcome(s) over time on each of a sample of
N individuals from the population
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Pharmacokinetics and pharmacodynamics

Other application areas:

� Toxicokinetics (Physiologically-based pharmacokinetic{ PBPK {
models)

� HIV dynamics

� Stability testing

� Agriculture

� Forestry

� Dairy science

� Cancer dynamics

� More . . .
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Model formulation

Nonlinear mixed e�ects model: Embedthe (deterministic) model
describingindividual trajectories in astatistical model

� Formalizes knowledge andassumptionsabout variation in outcomes
and mechanismswithin and amongindividuals

� Provides a framework forinferencebased onrepeated measurement
data from N individuals

� For simplicity: Focus onunivariate outcome(= drug concentration
in PK); multivariate (PK/PD ) outcomelater

Basic set-up: N individuals from a population of interest,i = 1 ; : : : ; N

� For individuali , observeni measurements of the outcome

Yi 1; Yi 2; : : : ; Yin i at times t i 1; t i 2; : : : ; t in i

� I.e., for individuali , Yij at time t ij , j = 1 ; : : : ; ni
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Model formulation

Within-individual conditions of observation: For individuali , U i

� Theophylline: U i = D i = oral dose fori at time 0 (mg/kg)

� Argatroban: U i = ( D i ; t inf) = infusion rate and duration fori

� Quinidine: For subjecti observed overdi dosing intervals,U i has
elements(si` ; D i` )0, ` = 1 ; : : : ; di

� U i are \within-individual covariates" { needed to describe
outcome-time relationship at theindividual level
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Model formulation

Individual characteristics: For individuali , A i

� Age, weight, ethnicity, smoking status, renal function, etc. . .

� For now: Elements ofA i do not changeover observation period

� A i are \among-individual covariates" { relevant only to how
individuals di�er but are not neededto describe outcome-time
relationship at the individual level

Observed data: (Y 0
i ; X 0

i )
0, i = 1 ; : : : ; N , assumed independentacrossi

� Y i = ( Yi 1; : : : ; Yin i )
0

� X i = ( U 0
i ; A 0

i )
0 = combined within- and among-individual

covariates (for brevity later)

Basic model: A two-stage hierarchy
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Model formulation

Stage 1 { Individual-level model:

Yij = m(t ij ; U i ; � i ) + eij ; j = 1 ; : : : ; ni ; � i (r � 1)

� E.g., for theophylline(F � 1)

m(t; U i ; � i ) =
kai D i

Vi (kai � Cl i =Vi )
f exp(� Cl i t=Vi ) � exp(� kai t)g

� i = ( kai ; Vi ; Cl i )0 = ( � i 1; � i 2; � i 3)0; r = 3; U i = D i

� Assumeeij = Yij � m(t ij ; U i ; � i ) satisfyE(eij j U i ; � i ) = 0

=) E(Yij j U i ; � i ) = m(t ij ; U i ; � i ) for eachj

� Standard assumption: eij and henceYij are conditionally normally
distributed (on U i , � i )

� More shortly. . .
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Model formulation

Stage 2 { Population model:

� i = d(A i ; � ; bi ); i = 1 ; : : : ; N; (r � 1)

� d is r -dimensional function describingrelationshipbetween� i and
A i in terms of . . .

� � (p � 1) �xed parameter(\ �xed e�ects ")

� bi (q � 1) \ random e�ects"

� Characterizes how elements of� i vary across individual due to

{ Systematic associationswith A i (modeled via� )

{ \ Unexplained variation" in the population (represented bybi )

� Usual assumptions:

E(bi j A i ) = E(bi ) = 0 and Cov(bi j A i ) = Cov(bi ) = G; bi � N (0; G)
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Model formulation

Stage 2 { Population model:

� i = d(A i ; � ; bi ); i = 1 ; : : : ; N

Example: Quinidine, � i = ( kai ; Vi ; Cl i )0 (r = 3)

� A i = ( wi ; � i ; ai )0, wi = weight, , ai = age,
� i = I (creatinine clearance> 50 ml/min)

� bi = ( bi 1; bi 2; bi 3)0 (q = 3), � = ( � 1; : : : ; � 7)0 (p = 7)

kai = � i 1 = d1(A i ; � ; bi ) = exp( � 1 + bi 1);

Vi = � i 2 = d2(A i ; � ; bi ) = exp( � 2 + � 4wi + bi 2);

Cl i = � i 3 = d3(A i ; � ; bi ) = exp( � 3 + � 5wi + � 6� i + � 7ai + bi 3);

� Positivity of kai ; Vi ; Cl i enforced

� If bi � N (0; G), kai ; Vi ; Cl i are eachlognormally distributedin the
population
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Model formulation

Stage 2 { Population model:

� i = d(A i ; � ; bi ); i = 1 ; : : : ; N

Example: Quinidine, continued,� i = ( kai ; Vi ; Cl i )0 (r = 3)

� \ Are elements of� i �xed or random e�ects?"

� \ Unexplained variation" in one component of� i \ small" relative to
others { no associated random e�ect, e.g.,r = 3, q = 2

kai = exp( � 1 + bi 1)

Vi = exp( � 2 + � 4wi ) (all population variation due to weight)

Cl i = exp( � 3 + � 5wi + � 6� i + � 7ai + bi 3)

� An approximation{ usually biologically implausible; used for
parsimony, numerical stability
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Model formulation

Stage 2 { Population model:

� i = d(A i ; � ; bi ); i = 1 ; : : : ; N

� Allows nonlinear(in � and bi ) speci�cations for elements of� i

� May be more appropriate thanlinear speci�cations (positivity
requirements,skeweddistributions)

Some accounts: Restrict to linear speci�cation

� i = A i � + B i bi

� A i (r � p) \ design matrix" depending on elements ofA i

� B i (r � q) typically 0s and 1s (identity matrix if r = q)

� Mainly in the statistical literature
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Model formulation

Stage 2 { Linear population model:

� i = A i � + B i bi

Example: Quinidine, continued

� Reparameterizein terms of � i = ( k�
ai ; V �

i ; Cl �i )0, k�
ai = log( kai ),

V �
i = log( Vi ), and Cl �i = log( Cl i ) (r = 3)

k�
ai = � 1 + bi 1;

V �
i = � 2 + � 4wi + bi 2;

Cl �i = � 3 + � 5wi + � 6� i + � 7ai + bi 3

A i =

0

B
B
@

1 0 0 0 0 0 0

0 1 0 wi 0 0 0

0 0 1 0 wi � i ai

1

C
C
A ; B i =

0

B
B
@

1 0 0

0 1 0

0 0 1

1

C
C
A
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Model formulation

Stage 2 { Population model:

� i = d(A i ; � ; bi ); i = 1 ; : : : ; N

Simplest example: Argatroban PK- No among-individual covariates

� � P K
i = ( Cl i ; Vi )0 (r = 2 ), take

Cl i = exp( � 1 + bi 1)

Vi = exp( � 2 + bi 2)

� Or reparameterizewith � P K
i = ( Cl �i ; V �

i )0, Cl �i = log( Cl i ),
V �

i = log( Vi )

Cl �i = � 1 + bi 1

V �
i = � 2 + bi 2

so A i = B i = (2 � 2) identity matrix
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Model formulation

Within-individual considerations: Complete the Stage 1
individual-level model

� Assumptionson the distribution ofY i givenU i and � i

� Focus on asingle individuali observed under conditionsU i

� Yij at times t ij viewed asintermittent observations on a
stochastic process

Yi (t; U i ) = m(t; U i ; � i ) + ei (t; U i )

E f ei (t; U i ) j U i ; � i g = 0 ; E f Yi (t; U i ) j U i ; � i g = m(t; U i ; � i ) for all t

� Yij = Yi (t ij ; U i ), eij = ei (t ij ; U i )

� \ Deviation" processei (t; U i ) representsall sources of variation
acting within an individualcausing a realization ofYi (t; U i ) to
deviate from the \smooth" trajectory m(t; U i ; � i )
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Model formulation

Conceptualization:
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Model formulation

Conceptual interpretation:

� Solid line: m(t; U i ; � i ) represents \inherent tendency" for i 's
outcome to evolve over time; depends oni 's \ inherent
characteristics" � i

� Dashed line: Actual realization of the outcome {
uctuates about
solid line becausem(t; U i ; � i ) is a simpli�cation of complex truth

� Symbols: Actual, intermittent measurementsof the dashed line {
deviatefrom the dashed line due tomeasurement error

Result: Two sources of intra-individual variation

� \ Realization deviation"

� Measurement error variation

� m(t; U i ; � i ) is the averageof all possible realizationsof measured
outcome trajectory that could be observed oni
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Model formulation

To formalize: ei (t; U i ) = eR;i (t; U i ) + eM;i (t; U i )

� Within-individual stochastic process

Yi (t; U i ) = m(t; U i ; � i ) + eR;i (t; U i ) + eM;i (t; U i )

E f eR;i (t; U i ) j U i ; � i g = Ef eM;i (t; U i ) j U i ; � i g = 0

� =) Yij = Yi (t ij ; U i ), eR;i (t ij ; U i ) = eR;ij , eM;i (t ij ; U i ) = eM;ij

Yij = m(t ij ; U i ; � i ) + eR;ij + eM;ij| {z }
eij

eR;i = ( eR;i 1; : : : ; eR;in i )
0; eM;i = ( eM;i 1; : : : ; eM;in i )

0

� eR;i (t; U i ) = \ realization deviation process"

� eM;i (t; U i ) = \ measurement error deviation process"

� Assumptionson eR;i (t; U i ) and eM;i (t; U i ) lead to a model for
Cov(ei j U i ; � i ) and hence Cov(Y i j U i ; � i )
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Model formulation

Conceptualization:
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Model formulation

Realization deviation process:

� Natural to expecteR;i (t; U i ) and eR;i (s;U i ) at times t and s to be
positively correlated, e.g.,

corrf eR;i (t; U i ); eR;i (s;U i ) j U i ; � i g = exp( � � jt � sj); � � 0

� Assume variation of realizations aboutm(t; U i ; � i ) are ofsimilar
magnitudeover time and individuals, e.g.,

Varf eR;i (t; U i ) j U i ; � i g = � 2
R � 0 (constant for all t)

� Or assume variation depends onm(t; U i ; � i ), e.g.,

Varf eR;i (t; U i ) j U i ; � i g = � 2
R f m(t; U i ; � i )g2� ; � > 0

� Result: Assumptions imply acovariance model(ni � ni )

Cov(eR;i j U ) i ; � i ) = VR;i (U i ; � i ; � R ); � R = ( � 2
R ; � )0 or � R = ( � 2

R ; �; � )0
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Model formulation

Conceptualization:
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Model formulation

Measurement error deviation process:

� Measuring devices commithaphazard errors=)

corrf eM;i (t; U i ); eM;i (s;U i ) j U i ; � i g = 0 for all t > s

� Assume magnitude of errors issimilar regardless of level, e.g.,

Varf eM;i (t; U i ) j U i ; � i g = � 2
M � 0 (constant for all t)

� Or assume magnitude changes with level; oftenapproximatedunder
assumptionVarf eR;i (t; U i ) j U i ; � i g << Varf eM;i (t; U i ) j U i ; � i g

Varf eM;i (t; U i ) j U i ; � i g = � 2
M f m(t; U i ; � i )g2� ; � > 0

� Result: Assumptions imply acovariance model(ni � ni )
(diagonal matrix)

Cov(eM;i j U ) i ; � i ) = VM;i (U i ; � i ; � R ); � M = � 2
M or � M = ( � 2

M ; � )0
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Model formulation

Combining:

� Standard assumption: eR;i (t; U i ) and eM;i (t; U i ) are independent

Cov(ei j U i ; � i ) = Cov(eR;i j U i ; � i ) + Cov(eM;i j U i ; � i )

= VR;i (U i ; � i ; � R ) + VM;i (U i ; � i ; � M )

= Vi (U i ; � i ; � )

� = ( � 0
R ; � 0

M )0

� This assumptionmay or may notbe realistic

Practical considerations: Quite complex intra-individual covariance
modelscan result fromfaithful considerationof the situation. . .

� . . . But may bedi�cult to implement
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Model formulation

Standard model simpli�cations: One or more might be adopted

� Negligiblemeasurement error=)

Vi (U i ; � i ; � ) = VR;i (U i ; � i ; � R )

� The t ij may be atwidely spaced intervals=) autocorrelation
amongeR;ij negligible=) Vi (U i ; � i ; � ) is diagonal

� Varf eR;i (t; U i ) j U i ; � i g << Varf eM;i (t; U i ) j U i ; � i g =)
measurement error isdominant source

� Simpli�cations should bejusti�able in the context at hand

Note: All of these considerations apply toany mixed e�ects model
formulation, not just nonlinearones!

50



Model formulation

Routine assumption: Vi (U i ; � i ; � ) = � 2
e I n i � = � 2

e

� Often made by \default" with little consideration of the
assumptions it implies!

� AssumesautocorrelationamongeR;ij negligible

� Assumesconstant variances, i.e., Varf eR;i (t; U i ) j U i ; � i g = � 2
R

and Varf eM;i (t; U i ) j U i ; � i g = � 2
M =) � 2

e = � 2
R + � 2

M

� If measurement error is negligible=) � 2
e = � 2

R

� If Varf eR;i (t; U i ) j U i ; � i g << Varf eM;i (t; U i ) j U i ; � i g
=) � 2

e � � 2
M
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Model formulation

Standard assumptions in PK:

� Sampling times aresu�ciently far apart that autocorrelationamong
eR;ij negligible(not always justi�able!)

� Measurement errordominatesrealization error so that

Var(eR;ij j U i ; � i ) << Var(eM;ij j U i ; � i )

(often reasonable)

� Measurement error variancedepends on level, approximated by

Var(eM;ij j U i ; � i ) = � 2
M f m(t ij ; U i ; � i )g2�

so that Vi (U i ; � i ; � ) = VM;i (U i ; � i ; � M ) is diagonalwith these
elements (almost alwaysthe case)

� Often, � � 1
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Model formulation

Distributional assumption:

� Speci�cation for E(Y i j U i ; � i ) = m i (U i ; � i ),

m i (U i ; � i ) = f m(t i 1; U i ; � i ); : : : ; m(t in i ; U i ; � i )g0 (ni � 1)

� Speci�cation for Cov(Y i jU i ; � i ) = Vi (U i ; � i ; � )

� Standard assumption: Distribution of Y i givenU i and � i is
multivariate normalwith these moments

� Alternatively, model on thelog scale=) Yij are conditionally (on
U i and � i ) lognormal

� In what follows: Yij denotes the outcome on theoriginal or
transformedscale as appropriate
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Model formulation

Summary of the two-stage model: RecallX i = ( U 0
i ; A 0

i )
0

� Substitute population modelfor � i in individual-level model

� Stage 1 { Individual-level model:

E (Y i j X i ; bi ) = E(Y i j U i ; � i ) = m i (U i ; � i ) = m i (X i ; � ; bi );

Cov(Y i j X i ; bi ) = Cov(Y i j U i ; � i ) = Vi (U i ; � i ; � ) = Vi (X i ; � ; bi ; � )

� Stage 2 { Population model:

� i = d(A i ; � ; bi ); bi � (0; G)

� Standard assumptions:

{ Y i givenX i and bi multivariate normal(perhapstransformed)

{ bi � N (0; G)

{ All of these can berelaxed
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Model interpretation and inferential objectives

\Subject-speci�c" model: Individual behaviormodeled explicitlyat
Stage 1, depending onindividual-speci�cparameters� i that have
scienti�cally meaningful interpretation

� Models forE(Y i j U i ; � i ) and � i , and henceE(Y i j X i ; bi ),
speci�ed . . .

� . . . in contrast to a \population-averaged"model, where a model for
E(Y i j X i ) is speci�eddirectly

� This is consistent with theinferential objectives

� Interest is in \typical" values of� i and how theyvary in the
population. . .

� . . . not in the \ typical" response patterndescribed by a
\ population-averaged"model for E(Y i j X i )

� =) E(Y i j X i ) =
R

E(Y i j X i ; bi ) p(bi ; G) dbi
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Model interpretation and inferential objectives

Main inferential objectives: May beformalizedin terms of the model

� For a speci�cpopulation modeld, the �xed e�ect � characterizes
the meanor median(\ typical") value of � i in the population
(perhaps for individuals with given value ofA i )

� =) Determining anappropriate population modeld(A i ; � ; bi ) and
inference onelementsof � in it is of central interest

� Variation of � i across individualsbeyondthat attributable to
systematic associationswith among-individual covariatesA i is
described byG (\ unexplained variation")

� =) Inference onG is of interest (in particular,diagonal elements)
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Model interpretation and inferential objectives

Additional inferential objectives: In some contexts

� Inference on� i and/or m(t0; U i ; � i ) at some speci�c timet0 for
i = 1 ; : : : ; N or for future individualsis of interest

� Example: \ Individualized" dosing in PK

� The model is a natural framework for \borrowing strength" across
similar individuals (more later)
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Inferential approaches

Reminder { summary of the two-stage model: X i = ( U 0
i ; A 0

i )
0

� Stage 1 { Individual-level model:

E (Y i j X i ; bi ) = E(Y i j U i ; � i ) = m i (U i ; � i ) = m i (X i ; � ; bi );

Cov(Y i j X i ; bi ) = Cov(Y i j U i ; � i ) = Vi (U i ; � i ; � ) = Vi (X i ; � ; bi ; � )

� Stage 2 { Population model:

� i = d(A i ; � ; bi ); bi � (0; G)

� Standard assumptions:

{ Y i givenX i and bi multivariate normal(perhapstransformed)
=) probability density functionf i (y i j x i ; bi ; � ; � )

{ bi � N (0; G) =) densityf (bi ; G)

� Observed data: f (Y i ; X i ), i = 1 ; : : : ; N g = (Y ; X ),
(Y i ; X i ) assumedindependentacrossi
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Inferential approaches

Natural basis for inference on � , G: Maximum likelihood

� Joint densityof Y givenX (by independence)

f (y j x ; 
 ; G) =
NY

i =1

f i (y i j x i ; 
 ; G); 
 = ( � 0; � 0)0

� f i (y i ; bi j x i ; 
 ; G) = f i (y i j x i ; bi ; 
 )f (bi ; G)

� Log-likelihoodfor (
 ; G)

`(
 ; G) = log

(
NY

i =1

f i (y i j x i ; 
 ; G)

)

= log

(
NY

i =1

Z
f i (y i j x i ; bi ; 
 ) f (bi ; G) dbi

)

� InvolvesN q� dimensional integrals
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Inferential approaches

`(
 ; G) = log

(
NY

i =1

Z
f i (y i j x i ; bi ; 
 ) f (bi ; G) dbi

)

Major practical issue: These integrals areanalytically intractablein
general and may behigh-dimensional

� Some means ofapproximationof the integrals required

� Analytical approximation(the approach usedhistorically, �rst by
pharmacokineticists) { will discuss�rst

� Numerical approximation(more recent, as computational resources
haveimproved)
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Inferential approaches

Inference based on individual estimates: If ni � r , can (in principle)
obtain individual regression estimatesb� i

� E.g., if Vi (U i ; � i ; � ) = � 2
e I n i can useordinary least squares

for eachi

� For fancierVi (U i ; � i ; � ) can usegeneralized(weighted) least
squaresfor eachi with an estimate of� substituted

� � can be estimated by \pooling" residuals across allN individuals

� Realistically: Requireni >> r

� Described in Chapter 5 of Davidian and Giltinan (1995)

Idea: Use theb� i , i = 1 ; : : : ; N , as \data" to estimate � and G. . .
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Inferential approaches

Idea: Use theb� i , i = 1 ; : : : ; N , as \data" to estimate � and G

� Considerlinear population model� i = A i � + B i bi

� Standardlarge-ni asymptotic theory=)

b� i j U i ; � i
�� N (� i ; Ci ); Ci depends on� i ; �

� EstimateCi by substitutingb� i , b� =) b� i j U i ; � i
�� N (� i ; bCi ) and

treat bCi as �xed

� Write as b� i � � i + e�
i , e�

i j U i ; � i
�� N (0; bCi )

� =) Approximate\ linear mixed e�ects model" for \ outcome" b� i

b� i � A i � + B i bi + e�
i ; bi � N (0; G); e�

i j U i ; � i
�� N (0; bCi )

� Can be �tted (estimate� , G) using standard linear mixed model
methods (treating bCi as �xed )
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Inferential approaches

b� i � A i � + B i bi + e�
i ; bi � N (0; G); e�

i j U i ; � i
�� N (0; bCi )

Fitting the \linear mixed model":

� \ Global two-stage algorithm" ( GTS): Fit using the EM algorithm;
see Davidian and Giltinan (1995, Chapter 5)

� Usestandard linear mixed model softwaresuch as SASproc
mixed , R function lme { requires sometweakingto handle the fact
that bCi is regarded asknown

� Appeal to usuallarge-N asymptotic theoryfor the \ linear mixed
model" to obtain standard errorsfor elements ofb� , con�dence
intervalsfor elements of� , etc (generally workswell)

Common misconception: This method is often portrayed in the
literature as havingno relationshipto the nonlinear mixed e�ects model
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Inferential approaches

How does this approximate the integrals? Not readily apparent

� May view theb� i as approximate \su�cient statistics " for the � i

� Change of variablesin the integrals and replacef i (y i j x i ; bi ; 
 ) by
the (normal) densityf (b� i j U i ; � i ; � ) corresponding to the
asymptotic approximation

Remarks:

� Whenall ni are su�ciently large to justify the asymptotic
approximation (e.g.,intensivePK studies), I like this method!

� Easy to explainto collaborators

� Givessimilar answersto other analytical approximation methods
(coming up)

� Drawback: No standardsoftware(although see my website for
R/SAS code)
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Inferential approaches

In many settings: \ Rich" individual data not availablefor all i
(e.g., populationPK studies); i.e.,ni \ not large" for some or alli

� Approximate the integralsmore directlyby approximating
f i (y i j x i ; 
 ; G)

Write model with normality assumptions at both stages:

Y i = m i (X i ; � ; bi ) + V 1=2
i (X i ; � ; bi ; � ) � i ; bi � N (0; G)

� V 1=2
i (ni � ni ) such thatV 1=2

i (V 1=2
i )0 = Vi

� � i j X i ; bi � N (0; I n i ) (ni � 1)

� First-orderTaylor seriesabout bi = b�
i \close" to bi , ignoring

cross-product(bi � b�
i )� i asnegligible=)

Y i � m i (X i ; � ; b�
i )� Z i (X i ; � ; b�

i )b�
i + Z i (X i ; � ; b�

i )bi + V 1=2
i (X i ; � ; b�

i ; � ) � i

Z i (X i ; � ; b�
i ) = @=@bi f m i (X i ; � ; bi )gjbi = b�

i
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Inferential approaches

Y i � m i (X i ; � ; b�
i )� Z i (X i ; � ; b�

i )b�
i + Z i (X i ; � ; b�

i )bi + V 1=2
i (X i ; � ; b�

i ; � ) � i

\First-order" method: Take b�
i = 0 (mean ofbi )

� =) Distribution of Y i givenX i approximately normalwith

E(Y i j X i ) � m i (X i ; � ; 0);

Cov(Y i j X i ) � Z i (X i ; � ; 0) G Z 0
i (X i ; � ; 0) + Vi (X i ; � ; 0; � )

� =) Approximatef i (y i j x i ; 
 ; G) by a normal density with these
moments, so that̀ (
; G ) is in aclosed form

� =) Estimate(� ; � ; G) by maximum likelihood{ because integrals
are eliminated, is adirect optimization(but still very messy. . . )

� First proposed by Beal and Sheiner in early 1980s in the context of
population PK
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Inferential approaches

\First-order" method: Software

� fo method in the Fortran packagenonmem(widely usedby PKists)

� SASproc nlmixed using themethod=firo option

Alternative implementation: View as anapproximate
\ population-averaged" model for mean and covariance

E(Y i j X i ) � m i (X i ; � ; 0);

Cov(Y i j X i ) � Z i (X i ; � ; 0) G Z 0
i (X i ; � ; 0) + Vi (X i ; � ; 0; � )

� =) Estimate(� ; � ; G) by solving a set ofgeneralized estimating
equations(GEEs; speci�cally, \GEE-1")

� Is a di�erent method from maximum likelihood (\GEE-2")

� Software: SAS macronlinmix with expand=zero

67



Inferential approaches

Problem: Theseapproximate momentsare clearlypoor approximations
to the true moments

� In particular, poor approximationto E(Y i j X i ) =) biased
estimatorsfor �

\First-order conditional methods": Use a \better" approximation

� Take b�
i \ closer"to bi

� Natural choice:bbi = modeof the posterior density

f (bi j y i ; x i ; 
 ; G) =
f i (y i j x i ; bi ; 
 ) f (bi ; G)

f i (y i j x i ; 
 ; G)

� =) Approximate moments

E(Y i j X i ) � m i (X i ; � ; bbi ) � Z i (X i ; � ; bbi )bbi

Cov(Y i j X i ) � Z i (X i ; � ; bbi ) G Z 0
i (X i ; � ; bbi ) + Vi (X i ; � ; bbi ; � )
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Inferential approaches

Fitting algorithms: Iterate between

(i) Updatebbi , i = 1 ; : : : ; N , by maximizing theposterior density(or
approximationto it) with b
 and bG substitutedand held �xed

(ii) Hold the bbi �xed and updateestimation of
 and G by either

(a) Maximizingthe approximatenormal log-likelihoodbased on
treating Y i givenX i as normal with these moments,OR

(b) Solvinga corresponding set ofGEEs

� Usually \converges" (although no guarantee)

Software:

� nonmemwith foce option implements(ii) (a)

� R function nlme, SAS macronlinmix with expand=blup option
implement(ii) (b)
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Inferential approaches

Standard errors, etc: For both \ �rst-order " approximations

� Pretendthat the approximate momentsare exactand use theusual
large-N asymptotic theoryfor maximum likelihood or GEEs

� Providesreliable inferencesin problems whereN is reasonably large
and the magnitude ofamong-individual variationis not huge

My experience:

� Even without the integration, these arenasty computational
problems, and good starting valuesfor the parameters arerequired
(may have to try several sets of starting values).

� The \ �rst-order " approximation istoo crudeand should beavoided
in general (although can be a good way to get reasonablestarting
valuesfor other methods)

� The \ �rst-order conditional" methods often work well, are
numericallywell-behaved, and yieldreliable inferences
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Inferential approaches

`(
 ; G) = log

(
NY

i =1

Z
f i (y i j x i ; bi ; 
 ) f (bi ; G) dbi

)

Numerical approximation methods: Approximatethe integrals using
deterministicor stochastic numerical integrationtechniques
(q-dimensional numerical integration) and maximize the log-likelihood

� Issue: For each iterationof the likelihood optimization algorithm,
must approximateN q-dimensional integrals

� Infeasibleuntil recently: Numerical integration embeddedrepeatedly
in an optimization routine iscomputationally intensive

� Getsworsewith largerq (the \ curse of dimensionality")
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Inferential approaches

Deterministic techniques:

� Normality of bi =) Gauss-Hermite quadrature

� Quadrature rule: Approximate an integral by asuitable weighted
averageof the integrand evaluated at aq-dimensional gridof values
=) accuracy increaseswith more grid points, but so does
computational burden

� Adaptive Gaussian quadrature: \Center " and \scale " the grid
about bbi =) can greatly reducethe number of grid points needed

Software: SASproc nlmixed

� Adaptive Gaussian quadrature: The default

� Gaussian quadrature: method=gauss noad

72



Inferential approaches

`(
 ; G) = log

(
NY

i =1

Z
f i (y i j x i ; bi ; 
 ) f (bi ; G) dbi

)

Stochastic techniques:

� \ Brute force" Monte Carlointegration: Represent integral fori by

B � 1
BX

b=1

f i (y i j x i ; b(b) ; 
 );

b(b) are draws fromN (0; G) (at the current estimates of
 ; G)

� Can requirevery largeB for acceptable accuracy (ine�cient )

� Importance sampling: Replace this by asuitably weightedversion
that is more e�cient

Software: SASproc nlmixed implementsimportance sampling
(method=isamp)

73



Inferential approaches

My experience with SAS proc nlmixed :

� Goodstarting valuesare essential(may have to try many sets) {
starting values are required forall of � ; G; �

� Could obtain starting values from ananalytical approximation
method

� Practically speaking, quadrature isinfeasiblefor q > 2 almost always
with the mechanism-basednonlinear models in PK and other
applications
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Inferential approaches

Other methods: Maximize the log-likelihood via anEM algorithm

� For nonlinear mixed models, the conditional expectation in the
E-stepis not available in aclosed form

� Monte Carlo EM algorithm: Approximate the E-step by ordinary
Monte Carlo integration

� Stochastic approximation EM algorithm: Approximate the E-step by
Monte Carlo simulation and stochastic approximation

� Software: MONOLIX (http://www.monolix.org/ )
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Inferential approaches

Bayesian inference : Natural approach tohierarchical models

Big picture: In the Bayesian paradigm

� View � , � , G, and bi , i = 1 ; : : : ; N , as random parameters(on
equal footing) withprior distributions(priors for bi , i = 1 ; : : : ; N ,
are N (0; G))

� Bayesian inference on� and G is based on theirposterior
distributions

� The posterior distributions involvehigh-dimensional integrationand
cannot be derived analytically . . .

� . . . but samplesfrom the posterior distributions can be obtained via
Markov chain Monte Carlo(MCMC)
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Inferential approaches

Bayesian hierarchy:

� Stage 1 { Individual-level model: Assumenormality

E(Y i j X i ; bi ) = E(Y i j U i ; � i ) = m i (U i ; � i ) = m i (X i ; � ; bi );

Cov(Y i j X i ; bi ) = Cov(Y i j U i ; � i ) = Vi (U i ; � i ; � ) = Vi (X i ; � ; bi ; � )

� Stage 2 { Population model: � i = d(A i ; � ; bi ); bi � N (0; G)

� Stage 3 { Hyperprior: (� ; � ; G) � f (� ; � ; G) = f (� )f (� )g(G)

� Joint posterior density

f (
; G; b j y ; x ) =
Q N

i =1 f i (y i j x i ; bi ; 
 ) f (bi ; G)f (� ; � ; G)
f (y j x )

;

denominatoris numerator integratedwrt ( 
; G; bi ; i = 1 ; : : : ; N )

� E.g., posteriorfor � , f (� j y ; x ): Integrate out� ; G; bi ; i = 1 ; : : : ; N
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Inferential approaches

Estimator for � : Mode of posterior

� Uncertainty measured byspreadof f (� j y ; x )

� Similarly for � , G, and bi , i = 1 ; : : : ; N

Implementation: By simulationvia MCMC

� Samples from thefull conditional distributions(eventually) behave
like samples from the posterior distributions

� The modeand measures of uncertainty may be calculated
empiricallyfrom these samples

� Issue: Sampling from some of the full conditionals isnot entirely
straightforwardbecause ofnonlinearityof m in � i and hencebi

� =) \ All-purpose" software not available in general, but has been
implemented for popularm in add-ons toWinBUGS(e.g., PKBugs)
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Inferential approaches

Experience:

� With weak hyperpriors and \good" data, inferences arevery similar
to those based onmaximum likelihoodand �rst-order conditional
methods

� Convergenceof the chain must be monitored carefully; \false
convergence" can happen

� Advantage of Bayesian framework: Natural mechanism to
incorporateknown constraintsand priorscienti�c knowledge
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Inferential approaches

Inference on individuals: Follows naturally from a Bayesian perspective

� Goal: \ Estimate" bi or � i for a randomly chosen individuali from
the population

� \ Borrowing strength": Individuals sharing common characteristics
can enhance inference

� =) Natural \estimator" is the modeof the posteriorf (bi j y ; x ) or
f (� i j y ; x )

� Frequentist perspective: (
 ; G) are �xed { relevant posterior is

f (bi j y i ; x i ; 
 ; G) =
f i (y i j x i ; bi ; 
 ) f (bi ; G)

f i (y i j x i ; 
 ; G)

=) substituteestimates for(
 ; G)

� b� i = d(A i ; b� ; bbi )

� \ Empirical Bayes"
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Inferential approaches

Selecting the population model d: Everything so far is predicated on
a �xed d(A i ; � ; bi )

� A key objective in many analyses (e.g.,populationPK) is to identify
an appropriated(A i ; � ; bi )

� Must identify elementsof A i to include in each component of
d(A i ; � ; bi ) and thefunctional formof each component

� Likelihood inference: Usenested hypothesis testsor information
criteria (AIC, BIC, etc)

� Challenging whenA i is high-dimensional. . .

� . . . Need a way ofselectingamong large number of variables and
functional forms in each component (still an open problem. . . )
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Inferential approaches

Selecting the population model d: Continued

� Graphical methods: Based onBayesor empirical Bayes\estimates"

{ Fit an initial population model withno covariates(elements of
A i and obtain B/EB estimatesbbi , i = 1 : : : ; N

{ Plot components ofbbi against elements ofA i , look for
relationships

{ Postulate and �t an updatedpopulation modeld incorporating
relationshipsand obtain updated B/EB estimatesbbi and re-plot

{ If model is adequate, plots should showhaphazard scatter;
otherwise,repeat

{ Issue 1: \ Shrinkage" of B/EB estimates could obscure
relationships (especially ifbi really aren't normally distributed)

{ Issue 2: \ One-at-a-time" assessment of relationships couldmiss
important features
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Inferential approaches

Normality of bi : The assumptionbi � N (0; G) is standardin mixed
e�ects model analysis;however

� Is it always realistic?

� Unmeasuredbinary among-individual covariatesystematically
associated with� i =) bi hasbimodal distribution

� Or a normal distribution may justnot be the best model!
(heavy tails, skewness. . . )

� Consequences?

Relaxing the normality assumption: Represent thedensityof bi by a

exible form

� Estimate thedensityalong with themodel parameters

� =) Insight into possibleomitted covariates

83



Applications

Example 1: A basic analysis {argatroban PK

� N = 37, di�erent infusion ratesD i for t inf = 240 min

� Y P K
ij = concentrations att ij = 30,60,90,115,160,200,240,

245,250,260,275,295,320,360 min (ni = 14),

� One compartment model

mP K (t; U i ; � i ) =
D i

eCl �
i

�
exp

�
�

eCl �
i

eV �
i

(t � t inf )+

�
� exp

�
�

eCl �
i

eV �
i

t
��

� P K
i = ( Cl �i ; V �

i )0; U i = ( D i ; t inf)

x+ = 0 if x � 0 and x+ = x if x > 0

� Cl �i = log( Cl i ), V �
i = log( Vi )

� No among-individual covariatesA i
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Applications

Pro�les for subjects receiving 1.0 and 4.5 � g/kg-min:
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Applications

Nonlinear mixed model:

� Stage 1 { Individual-level model: Yij normal with

E(Yij j U i ; � i ) = mP K (t ij ; U i ; � i )

Cov(Y i j U i ; A i ) = Vi (U i ; � i ; � ) = � 2
e diagf : : : ; mP K (t ij ; U i ; � i )2� ; : : :g

=) negligible autocorrelation, measurement errordominates

� Stage 2 { Population model

� i = � + bi ; � = ( � 1; � 2)0; bi � N (0; G)

=) � 1; � 2 representpopulation meansof log clearance, volume;
equivalently,exp(� 1); exp(� 2) are population medians

=)
p

G11;
p

G22 � coe�cients of variation of clearance, volume
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Applications

Implementation: Using

� Individual estimatesb� i found using \pooled" generalized least
squaresincluding estimation of� (customized R code) followed by
�tting the \ linear mixed model" (SAS proc mixed)

� First-ordermethod via version 8.01 of SAS macronlinmix with
expand=zero { �x � = 0.22 (estimate from above)

� First-order conditionalmethod via version 8.01 of SAS macro
nlinmix with expand=eblup { �x � = 0.22

� First-order conditionalmethod via R functionnlme (estimate � )

� Maximum likelihoodvia SASproc nlmixed with adaptive Gaussian
quadrature(estimate � )

Code: Can be found at
http://www.stat.ncsu.edu/people/davidian/courses/st 762/
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Applications

Method � 1 � 2 � e � G 11 G12 G22

Indiv. est. � 5.433 � 1.927 23.47 0.22 0.137 6.06 6.17
(0.062) (0.026)

First-order � 5.490 � 1.828 26.45 { 0.158 � 3.08 16.76
nlinmix (0.066) (0.034)

First-order cond. � 5.432 � 1.926 23.43 { 0.138 5.67 4.76
nlinmix (0.062) (0.026)

First-order cond. � 5.433 � 1.918 20.42 0.24 0.138 6.73 4.56
nlme (0.063) (0.025)

ML � 5.423 � 1.897 11.15 0.34 0.150 13.71 11.26
nlmixed (0.064) (0.038)

Values forG12 , G22 are multiplied by 103
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Applications

Interpretation: Based on the individual estimates results

� Concentrations measured in ng/ml = 1000� g/ml

� Medianargatrobanclearance� 4.4 � g/ml/kg
(� exp(� 5.43) � 1000)

� Medianargatrobanvolume� 145.1 ml/kg =) � 10 liters for
a 70 kg subject

� AssumingCl i , Vi approximatelylognormal

{ G11 �
p

0.14� 100 � 37% coe�cient of variation for clearance

{ G22 �
p

0.00617� 100 � 8% CV forvolume
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A
pplications

Individual
inference:

Individualestim
ate(dashed)

andem
piricalB

ayes
estim

ate
(solid)

0
100

200
300

0 200 400 600 800 1000 1200

T
im

e (m
inutes)

Argatroban Concentration (ng/ml)

0
100

200
300

0 200 400 600 800 1000 1200

T
im

e (m
inutes)

Argatroban Concentration (ng/ml)

90



Applications

Example 2: A simplepopulation PK studyanalysis:phenobarbital

� World-famousexample

� N = 59 preterm infants treated withphenobarbitalfor seizures

� ni = 1 to 6 concentration measurements per infant, total of 155

� Among-infant covariates(A i ): Birth weight wi (kg), 5-minute
Apgar score� i = I[Apgar < 5]

� Multiple intravenous doses: U i = (si` ; D i` ), ` = 1 ; : : : ; di

� One-compartmentmodel (principle of superposition)

m(t; U i ; � i ) =
X

` :si` <t

D i`

Vi
exp

�
�

Cl i
Vi

(t � si` )
�

� Objectives: Characterize PK and its variation {Mean/medianCl i ,
Vi ? Systematic associationswith among-infant covariates? Extent
of unexplained variation?
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Applications

Dosing history and concentrations for one infant:
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Applications

Nonlinear mixed model:

� Stage 1 { Individual-level model

E(Yij j U i ; � i ) = m(t ij ; U i ; � i ); Cov(Y i j U i ; A i ) = Vi (U i ; � i ; � ) = � 2
e I n i

=) negligible autocorrelation, measurement errordominatesand
hasconstant variance

� Stage 2 { Population model

{ Without among-infant covariatesA i

logCl i = � 1 + bi 1; logVi = � 2 + bi 2

{ With among-infant covariatesA i

logCl i = � 1 + � 3wi + bi 1; logVi = � 2 + � 4wi + � 5� i + bi 2
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Applications

Empirical Bayes estimates vs. covariates: Fit without
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Applications

Empirical Bayes estimates vs. covariates: Fit with
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Applications

Relaxing the normality assumption on bi : Represent the density ofbi

by a 
exible form, �t by maximum likelihood
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Extensions

Multivariate outcome: More than one type of outcomemeasured
longitudinallyon each individual

� Objectives:Understand the relationships between the outcome
trajectories and theprocesses underlyingthem

� Key example: Pharmacokinetics/pharmacodynamics(PK/PD) as in
argatroban
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Extensions

Required: A joint model for PK and PD

� Data:

{ Y P K
ij at times tP K

ij (PK concentrations)

{ Y P D
ij at times tP D

ij (PD aPTT responses)

� PK modelwith � P K
i = ( Cl �i ; V �

i )0, U i = ( D i ; t inf)

mP K (t; U i ; � P K
i ) =

D i

eCl �
i

�
exp

�
eCl �

i

eV �
i

(t � t inf)+

�
� exp

�
�

eCl �
i

eV �
i

t
��

� PD modelwith � P D
i = ( E �

0i ; E �
max;i ; EC �

50;i )
0

mP D (conc; � P D
i ) = eE �

0 i +
eE �

max;i � eE �
0 i

1 + eEC �
50 ;i =conc
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Extensions

Concentration-PD response relationship:
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Extensions

Result: Assumingmeasurement error dominatesrealization variation, so
\ true" PK concentration for i at t � m(t; U i ; � P K

i )

� Stage 1 { Individual-level model

Y P K
ij = mP K (tP K

ij ; U i ; � P K
i ) + eP K

ij

Y P D
ij = mP D f mP K (tP D

ij ; U i ; � P K
i ); � P D

i g + eP D
ij

� eP K
ij , eP D

ij mutually independent(primarily measurement error)

100



Extensions

Full model: CombinedoutcomesY i = ( Y P K 0
i ; Y P D 0

i )0

� i = ( � P K 0
i ; � P D 0

i )0 = ( Cl �i ; V �
i ; E �

0i ; E �
max;i ; EC �

50i )
0

� Stage 1 { Individual-level model

E(Y P K
ij jU i ; � i ) = mP K (tP K

ij ; U i ; � P K
i )

E (Y P D
ij jU i ; � i ) = mP D f mP K (tP D

ij ; U i ; � P K
i ); � P D

i g

Cov(Y i jU i ; � i ) = block diagf V P K
i (U i ; � i ; � P K ); V P D

i (U i ; � i ; � P D )g

V P K
i (U i ; � i ; � P K ) = � 2

e;P K diagf : : : ; mP K (tP K
ij ; U i ; � P K

i )2� P K
; : : :g

V P D
i (U i ; � i ; � P D ) = � 2

e;P D diag
h

: : : ; mP D f mP K (tP D
ij ; U i ; � P K

i ); � P D
i g2� P D

; : : :
i

� Stage 2 { Population model

� i = � + bi ; � = ( � 1; : : : ; � 5)0; bi � N (0; G)
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Extensions

Implementation:

� Sequentially: Fit PK model =) individual estimatesb�
P K
i and

predicted concentrationsmP K (tP D
ij ; U i ; b�

P K
i ) at the PD sampling

times

� Sequentially: Substitute in PD model and treat asknown, �t PD
model

� Jointly : Fit full model directly
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Extensions

Fits: Usingnlme

Sequential Joint

� 1 � 5.433 (0.062) � 5.439 (0.061)
� 2 � 1.918 (0.025) � 1.894 (0.024)
� 3 3.361 (0.018) 3.360 (0.019)
� 4 4.410 (0.045) 4.427 (0.045)
� 5 6.295 (0.150) 6.362 (0.155)

(� P K
e ; � P K ) (20.42,0.24) (16.66,0.28)

(� P D
e ; � P D ) (0.164,0.80) (0.154,0.82)

G11 0.138 0.133
G22 4.56 5.51
G33 8.16 8.51
G44 0.025 0.026
G55 0.377 0.425

Values forG22 , G33 are multiplied by 103
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Extensions

Time-dependent among-individual covariates: Among-individual
covariateschangeover timewithin an individual

� In principle, one could write� ij for eacht ij ; however. . .

� Key issue: Does this makescienti�c sense?

� PK : Do pharmacokinetic processesvary within an individual?

Example: Quinidinestudy

� Creatinine clearance,� 1-acid glycoprotein concentration, etc,
changeoverdosing intervals

� How to incorporatedependence ofCl i , Vi on � 1-acid glycoprotein
concentration?
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Extensions

Data for a representative subject:

time conc. dose age weight creat. glyco.
(hours) (mg/L) (mg) (years) (kg) (ml/min) (mg/dl)

0.00 { 166 75 108 > 50 69
6.00 { 166 75 108 > 50 69

11.00 { 166 75 108 > 50 69
17.00 { 166 75 108 > 50 69
23.00 { 166 75 108 > 50 69
27.67 0.7 { 75 108 > 50 69
29.00 { 166 75 108 > 50 94
35.00 { 166 75 108 > 50 94
41.00 { 166 75 108 > 50 94
47.00 { 166 75 108 > 50 94
53.00 { 166 75 108 > 50 94
65.00 { 166 75 108 > 50 94
71.00 { 166 75 108 > 50 94
77.00 0.4 { 75 108 > 50 94

161.00 { 166 75 108 > 50 88
168.75 0.6 { 75 108 > 50 88

height=72 inches, Caucasian, smoker, no ethanol abuse, no CHF
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Extensions

Population model: Standard approach in PK

� For subjecti : � 1-acid glycoprotein concentration likely measured
intermittently at times 0, 29, 161 hours andassumed constantover
the intervals (0,29), (29,77), (161,�) hours

� For intervalsI k , k = 1 ; : : : ; a (a = 3 here),A ik = among-individual
covariates fort ij 2 I k =) e.g., linear model

� ij = A ik � + bi

� This population modelassumes \within subject inter-interval
variation" entirely \ explained" by changes in covariate values

� Alternatively: Nestedrandom e�ects

� ij = A ik � + bi + bik ; bi ; bik independent
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Extensions

Multi-level models: More generally

� Nesting: E.g., outcomesYikj , j = 1 ; : : : ; nik , on several trees
(k = 1 ; : : : ; vi ) within each of several plots(i = 1 ; : : : ; N )

� ik = A ik � + bi + bik ; bi ; bik independent

Missing/mismeasured covariates: A i , U i , t ij

Censored outcome: E.g., due to anassay quanti�cation limit

Semiparametric models: Allow m(t; U i ; � i ) to depend on an
unspeci�ed functiong(t; � i )

� Flexibility, model misspeci�cation

Clinical trial simulation: \ Virtual " subjects simulated from anonlinear
mixed e�ects modelfor PK/PD/disease progressionlinked to aclinical
end-point
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Discussion

Summary:

� The nonlinear mixed e�ects modelis now astandard statistical
frameworkin many areas of application

� Is appropriate when scienti�c interest focuses onwithin-individual
mechanisms/processesthat can be represented byparametersin a
nonlinear(often theoretical) modelfor individual time course

� Free and commercialsoftwareis available, but implementation is
still complicated

� Speci�cation of models and assumptions, particularly thepopulation
model, is somewhat anart-form

� Current challenge: High-dimensionalA i (e.g., genomicinformation)

� Still plenty of methodological researchto do
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Discussion

See the references on slide 3 for an extensive bibliography
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